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PREFACE TO FIRST EDITION. 

IN the present work, those parts of the subject of 
Trigonometry are treated, which are usually taught 
in schools. Although the main object of elementary 
Trigonometry is to provide methods for the solution of 
triangles, many developments are given which are not 
absolutely necessary for this purpose; students who 
wish to push on as rapidly as possible to the solutions 
of triangles may omit a good deal of the first part of 
the book. ^ Those Articles and Chapters which are 
marked with an asterisk may with advantage be 
omitted by all students, on a first reading. A very 
large number of examples is given, but it is not by 
any means desirable that the student should work them 
all as he goes along, he should rather, on the first and 
second readings, try only the earlier portions of each 
set of examples. The Miscellaneous Examples at the 
end of the work will be found to be of considerably 
greater difficulty than those in the text. 

961646 



VI PREFACE. 

The authors desire to acknowledge their indebted- 
ness to the Cambridge University Local Examination 
papers of recent years ; the questions in the examination 
papers at the end of the book are mainly drawn from 
this source. 



PREFACE TO SECOND EDITION. 

IN the second edition, various' corrections have been 
made, so that it is hoped the book is now nearly 
free from errors and misprints. A few new articles 
have been introduced, and in accordance with a sug- 
gestion received from various quarters, a Chapter on 
De Moivre s theorem has been introduced. 
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CHAPTER I 
The Measurement of Angles. 

1. The primary object of Plane Trigonometry is the 
measurement of triangles. 

A triangle has three sides and three angles, and sup- 
posing the magnitude of any three of these six " parts," as 
they are called, to be given, it is usually possible to 
determine the magnitudes of the remaining three parts. 

This is called solving the triangle. 

]Sfotice that of the three given parts one at least must 
be a side. 

Plane trigonometry in an extended sense includes the 
investigation of the properties of certain "trigonometrical 
ratios," which are introduced in the first instance for the 
above-mentioned purpose. 

2. How angles are generated in trigonometry. 

Let a line OP starting from the position OA turn round 
in a direction opposite to that in which the hands of a 
watch revolve. The mnount of tv/rning undergone by OP 
measures the angle bounded by OA and OP. The figure 
represents a particular position of OP, As OP goes on 
revolving it will reach OjB, and has then turned through a 
right angle. 

H. T. 1 
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We*may*s(ippoSe' Ibe turning to continue and the 
riv(iktilQQ^Ififle'.li> re8Alu\0'l'*h it has then turned through 

• • • • 7^* ••••!!••••* 



two right anglesi 




The angles considered by Euclid are all less than two 
right angles, but in Trigonometry this limitation as to size 
of angles is removed. For we may suppose OP to reach 
the position indicated in the second figure; where the 
angle which has been described by OF is greater than two 
right angles. 

B 




THE MEASUREMENT OF ANGLES. 3 

For convenience an arrowhead is sometimes used, as in 
the figures, to show tiie angle turned through by OP, 

As OP continues its movement it will again reach the 
position OA from which it started ; four right angles have 
then been described. 

This turning may go on indefinitely, and an angle of 
cmy mcLgnitude m&j thus be arrived at. Each time a 
complete turn is made, four right angles have been de- 
scribed. 

K we had made OP turn in the opposite direction, viz. 
in that of the hands of a watch, we should have got another 
set of angles, all described in the clockvnae direction. 

To distinguish between these two ways of generating 
angles, it is agreed to call angles described in the first of 
the above, or contra-clockwise direction, positive 'y angles 
described in the clockwise direction are said to be negative. 

As an illustration of the generation of angles of any 
magnitude, think of the angle generated by the large hand 
of a clock. Each hour this hand turns through four right 
angles and keeps no record of the number of these complete 
turns ; this, however, is done by the small hand, which only 
turns through one-twelfth of four right angles in the hour, 
and thus enables us to measure the angle turned through 
by the large hand in any time less than twelve hours. 
For instance, at a quarter past three the large hand has, 
since noon, turned through thirteen right angles in the 
negative direction. 

Ex, 1. Give figures showing the position of OP after 
having described 

(i) 3 right angles, 

(ii) 7^ right angles, 

(iii) \\ right angles negatively. 

1—2 



4 TRIGONOMETRY. 

Eon. 2. Through how many right angles has the large 
hand of a clock turned since the previous noon at 

(i) half past seven p.m. % Ans, 30. 

(ii) three o'clock a.m. 1 Ana, 60. 

3. Ooterminal angles. 

If in the first figure, OP is the position in which the 
revolving line stops, it may have arrived at that position 
by turning through any one of a set of angles infinite in 
number. 

For, to do so, starting from OA it might describe merely 
the Euclidean angle AOP; or it might from this position 
then proceed through four right angles and then stop, or 
through eight right angles, sixteen right angles, and so on, 
before stopping. 

Angles bounded by the same two lines OA, OP may be 
called coterminal angles; the angles just mentioned are 
coterminal. 

These angles are all positive; a set of negative angles 
coterminal with them is obtained, by making the revolving 
line turn from OA to OP in the negative direction, and 
then stop, or by making it turn additioncdly through four 
right angles in the negative direction, before stopping, and 
BO on. 

These sets of positive and negative angles are clearly 
got by adding to the Euclidean angle AOP taken with its 
proper sign, a multiple of four right angles; the multiple 
being positive for the first set, and negative for the 
second. 

These sets of angles having the same bounding lines 
will be denoted by the symbol (OA, OP), for the sake of 
convenience. 
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4. How angles are measured numerically. 

In order to represent angles by numbers we must fix 
upon some unit angle, then any angle will be represented 
by the number of times it contains this unit angle. 

The unit generally used is the degree, which is the one- 
ninetieth part of a right angle. 

Each degree is divided into sixty equal parts called 
minutes, and each minute into sixty seconds. 

Minutes and seconds are introduced in order to avoid 
using fractions of a degree. 

An angle of d degrees is represented by d", an angle of 
m minutes by m', and an angle of n seconds by W ; thus 
the angle d'* m' n" means an angle which contains 
d degrees + m minutes + n seconds. 

It is equal to ^+90^ + 90,6^0x60 °* * "«^* 
angle. 

This method of numerical measurement of angles is 
called the sexagesimal system. 

-Saj. 1. How many degrees are there in, half a right 
angle, one-third of a right angle, three-fourths of two right 
angles respectively 1 Ans. 45°, 30°, 135°, 

Ex. 2. Express in the sexagesimal system 

One-twelfth of a right angle. Ans, I"" 30'. 

One-sixteenth of two right angles. Ans, 11° 15'. 

Ex, 3. How many degrees does the large hand of a 
watch describein a minute of time ] Ans, 6. 

5. It has been proposed to use the decimal system of 
measurement of angles. In this system the right angle is 
divided into 100 parts, called grades, each grade into 100 
minutes, each minute into 100 seconds. 
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An angle containing g grades, m minutes, n seconds is 
then written ^ nC w\ 

This system has never been generally adopted. 

The sexagesimal and decimal systems are sometimes 
called respectively the English and the French systems. 

Observe that angles expressed in the French system 
can at once be put in the form of decimals of a grade ; e.g. 
73M5' 7'' =73-1507 grades. 

Express as decimal fractions of a right angle 

(i) 15«19U7'\ ^Tw. -151917. 

(ii) lo«rl6^ iiTw. -100716. 

(iii) 29«13^r. ^7w. -291306. 

To find the number of grades contained in an angle 
which is given in degrees, or vice versa, we proceed as 
follows : — 

Let d be the number of degrees in the angle, 

9 grades 

Then the ratios ^ , :^-^ , being each equal to the ratio 

of the given angle to a right angle, must be equal to each 

other, thus 

d g ,9 10 , 

90 = 100' ^' ^ = T0^' ^ = -9- ^ 

whence if c? be given, g can be found, and conversely. 

Ex, 1. Find the number of grades in an angle of 60". 
If ^ is the required number of grades 
^ = Y.60 = Y.20 = 66|. 

Ex, 2. How many degrees are there in 150 grades? 
If cf is the required number of degrees 
<i=^.150=135. 
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Bx, 3. Express in decimal measure the angle 
16^* 9' 17". 

We must first express the minutes and seconds as a 
decimal of a degree, as follows; 

60 [17 

60 1 9-28333... Ac. 
•15472.. .&c. 

The angle is therefore 16*15472 degrees nearly. 
To find the number of grades multiply this number by 
Y, thus 



9 116-15472 




1-79496 




10 




17-9496 






Ans. 17*94^96". 



Bx, 4. Express in sexagesimal measure 47' 5" 92'\ 
The angle contains 47*0592 grades, to find the number 
of degrees, multiply by ^, thus ; 

47-0592 
9 





10 1423-5328 








42-35328 






therefore the number of degrees is 42*35328. 
We must now convert -35328 of a degree 
and seconds. 

-35328 
60 


into minutes 




21 1-1968 
60 







11*808 

Ans. 42''21'11"*808. 
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EXAMPLES. L 



1. Express in decimal (French) measure 

(1) 45^ (5) 3° 18' 27", (9) Tir. 

(2) 18\ (6) 53M5'9". (10) 5° 9' 14". 

(3) 27'. (7) IDS'* 20' 15". (11) 173" 16' 4". 

(4) 99°. (8) 12° 17' 11". (12) 27M0'16". 

2. Express in sexagesimal (English) measure. 

(1) 25«. (5) 13«18^25^ (9) 10»15'73". 

(2) 10». (6) 125«10U9^\ (10) 69«15^8^ 

(3) i5«. (7) 35«5o\ (11) i«rr. 

(4) K (8) 10^ (12) 20U2^ 

3. The sum of two angles is 20°, their difference is 
20'; find each angle in degrees. 

4. Two angles are as 1 : 2, and the sum of the number 
of degrees in the one and the number of grades in the other 
is 58, find the angles. 

5. Find the magnitude of the angles of an isosceles 
triangle which has each of the base angles double of the 
vertical angle. 

6. Find the number of degrees in the vertical angle of 
an isosceles triangle each of whose base angles is two and a 
half times the vertical angle. 

7. If an angle is expressed in French minutes show 
that it is expressed in English minutes by multiplying 
by -54. 

8. If an angle is expressed in French seconds show 
that it is expressed in English seconds by multiplying 
by -324. 

9. Find the ratio of 24° 42' 15" to 123-1125 grades. 
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0. The circular measurement of angles. 

For practical purposes the sexagesimal method is almost 
universally used, but for theoretical work it is more con- 
yenient to take a different unit angle. 




In any circle of centre 0, let AB be an arc whose 
length is equal to the radius of the circle ; we shall show in 
the next article that the angle AOB is comtant (or of the 
same magnitude in all circles). 

This angle is taken as the unit of what is called cirmlar 
meaav/re, and is named a radian. 

The circular measure of any angle AOF will then be 
the number of times it contains the radian, or the ratio of 
AOF to AOB. 

For the sake of convenience we shall in general use 
English letters A^ B, G — for angles measured in degrees, 
and Greek letters a, P, $ — for angles measured in radians. 

7. In order to prove that the radian is a fixed angle 
the following theorems are necessary. 

(a) In the same circle, the lengths of different arcs are 
to one another in the same ratio as that of the angles which 
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those arcs subtend at the centre of the circle. This theorem 
is contained in Euc. VI, 33. 

(5) The ratio of the radius of a circle to its circum- 
ference is the same for all circles. This is proved in 
Article 8. 

From (a) it follows that 

&rcAB lAOB 

whole circumference of circle "~ 4 right angles * 
but since arc il^= radius of circle, it follows from (5) that 
the first ratio is the same for all circles, or constant ; 
hence i AOB is of constant magnitude. 

8. Proof that the ratio of the radius of a circle to its 
circumference is constant. 

Let ABG, ahc^ be any two circles in each of which a 
regular polygon of n sides is inscribed Join the centres 
0, to the vertices of the polygons. 





Denote the perimeters or the sums of the sides of the 
polygons by P, j? ; then since the sides AB, ah are - th of 
the respective perimeters, 

P^^n.AB, p — n,(ib. 
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Again, the triangles OAB^ oah are similar, therefore 
OA _AB _ n,AB _P 
oa ah n,ab p' 
Now let the number of sides be increased indefinitely, 
P and p approach and ultimately become equal to the cir- 
cumferences of the circles, therefore 

OA _ circumference of circle ABC 
oa circumference of circle ahc * 
radius of ABC radius of ahc 



or 



circumference of ABC circumference of ahc ' 



9. The ratio of the circumference of a circle to its 
diameter, thus proved constant, is denoted by the Greek 
letter ir. So that if r is the radius of a circle 

circumference of circle = 2irr. 

The value of ir can only be obtained in the form of an 
infinite non-recurring decimal whose value to eight places 
is 314159265. 

For many purposes it is sufficient to use for ir the 
numbers ^ or ^ff > which agree with the correct value of 
IT as far as two and six places of decimals respectively. 

10. Magnitade of the Badian. 

We saw in Article 7, that in any circle, 
radius radian 



circumference 4 right angles ' 

, , circumference ^, « radius 1 

but — 3 . 7 = T, therefore -; 5 = ^r- , 

diameter circumference 27r 

hence x- = -. — ^-tt i — , or radian = - x right angle. 

27r 4 right angles ir ^ ^ 

• Using for ir the approximate value 3 '14 15927, we get 
as the value of the radian, 57° 17' 44"-81. 
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TT 

Since a right angle = ^r x radian, the circular measure of 

a right angle is j: , and therefore that of two right angles is 
TTy that of four right angles is 27r. 

1 1. To express in degrees an angle given in circular 
measure. 

Let be the number of radians in the given angle, 
the number of degrees being d; then 

^_ A. 
i 180' 

for each ratio expresses what part the given angle is of two 
right angles. 

K the angle be given as cT m' »", its circular measure is 



(, m n \ IT 
■*"60'^3600>/T80- 



Comparing with a previous result, we see that 
d g 



IT 



180"" 200' 



Ex. 1. Express in circular measure the angle 

10" 15' 27". 

Convert the minutes and seconds into the decimal of a 
degree, we thus get 10•2575^ 

Hence the angle contains r^pr radians. 

loO 

Ux, 2. Express in sexagesimal measure the angle whose 

circular measure is f . 

180 
Here ^ is f , and therefore d = jx . 
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Taking for le the approximate value ^ we get for d 
the value i^=16^. The angle is thus 16xV = 16°22' 
nearly. 

EXAMPLES, n. 

1. Express in sexagesimal measure the angle whose 
circular measure is 



(1) \- 




(5) T- 


(9) -02. 


<2) fo- 




(«) ?• 


(10) i|. 


(3) Tr 




(7) 1. - 


(11) f. 


W k 




(8) 10. 


(12) l(take^ = ^). 


See Article 10, 








2. Express in circular measure 


the angles 


(1) 45-. 


(6) 


r. 


(11) 3''ir22-2". 


(2) 60'. 


(7) 


15', 


(12) 23'' 7' 30". 


(3) 150*. 


(8) 


1^. 


(13) 67«lff86^\ 


(4) 50«. 


(9) 


2000». 


(14) 93«65^40^ 


(5) 5'. 


(10) 


16" 26' 6". 


(15) ^\ 



12. Length of the arc of a circle. 

The circular measure of any angle AOP subtended hy 

the arc AP is equal to the ratio — ^, — . . . — =- , 

radius of circle 

arc A.P 

For this ratio is, by Art. 7, j^, which by Euc. vi. 33 

•^ arc AB ' "^ 

is equal to — 777= , which is the circular measure of z AOF, 
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Hence if ^ is the circular measure of L AOP^ and r the 
radius of the circle 

r 

hence arc = rOy 

thus, the length of the arc of a circle is rd, where is the 
number of radians in the angle subtended by the arc at the 
centre. 

If ^ is 2ir, or the angle four right angles, we get the 
whole circumference, thus as already given in Article 9, 

circumference = 27rr. 

Ex, 1. Find the leng^ of the circumference of the 
circle whose radius is 6 feet, taking ^ as the value of tt. 

Since circumference = 27rr, we have as the required 
length of circumference, 2.^.6 feet = 37^ feet. 

Ex, 2. The arc of a circle is 5 inches, the radius of 
the circle is 8 yards ; find the circular measure of the angle 
subtended by the arc at the centre. 

arc 
Since circular measure of an ans^le = — r^ — , the circular 

radius 
5 

measure required is ^ — ^ — To- Thus the angle contains 
^1^ radians. 

Ex. 3. A fly-wheel makes 300 revolutions in one 
second; find as a decimal of one second the time it 
takes to turn through an angle of one radian. 

The wheel in one second turns through 300 times four 
right angles, or 300 x 2ir radians; 

it therefore turns through one radian in ^r^r^r — r^- of a 

300 X 27r 
second. 
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Inserting for ir the value ^, we get aa the required 
time 

30oW = i» = '^^^ °* " '^'°'"*' ''^^^- 

j^a;. 4. Find to three places of decimals the radius of a 
circle in which an arc 15 inches long subt^ids at the centre 
an angle 7r 36' 3-6". 

We have seen that radius = -; = ■= ^ : 

circular measure of angle 

hence required radius = oA aa v inches. 

T80V^"*'60"*'366o) 

Now ^rr + ^wTTf^ rcduccd to a decimal is -601, 
bO ooUU 

-. 15 X 180 X 7 . , 
thus radius = ^^ ^ y^.g^^ mches 

= 11-998 inches, nearly. 



EXAMPLES, m. 

TT is assumed to be ^ unless it is otherwise stated. 

1. Find the length of the circumference of a circle 
whose radius is 100 yards. 

2. Assuming the earth's circumference to be 25,142^ 
miles, find its radius. 

3. Find the length of the arc which subtends an angle 
whose circular measure is 4, at the centre of a circle of 
radius 12 feet, 3 inches. 

4. Find the circular measure of the angle subtended 
by an arc 6 inches long, at the centre of a circle whose 
radius is 11 feet. 

5. If an arc 15 yards long contains 3 radians, what is 
the radius of the circle 1 
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6. I£ the arc of a circle of radius r subtends d degrees 
at the centre, show that its length is r . ^qt; • 

7. Find the radius of the circle in which an arc 
6 inches long subtends 45** at the centre. 

8. Equal arcs are taken in two circles whose radii are 
as 1 : 5 ; the arc in the smaller circle subtends at the centre, 
an angle of 30°, what angle is subtended by the other arc 1 

9. If an arc subtends 20* 17' at the centre of a circle 
whose radius is 6 inches, find what angle it would subtend 
in a circle whose radius is 8 inches. 

13. Area of a circle and of a sector. 

The area of a triangle is known to be measured by 

half the product of the lengths of the base and altitude, 

, ., base X altitude 
or shortly, ^ • 

Consider a regular polygon inscribed in a circle; then 
using the figure of Article 8, area of polygon = n times area 

of triangle AOB, 

AB X altitude of triangle AOB 
-nx ^ ; 

but nxAB = P, 

.*. area of polygon = ^F x altitude of each triangle. 

Now i^ as in Article 8, the number of sides be in- 
definitely increased, F becomes the circumference of circle, 
or 2wr, and the altitude of each triangle becomes the radius, 
or r; 
.\ area of ci/rcle = J . 27rr . r = wr*. 

. . area of sector of angle r-n oo 

Again, 1 ' ^ = o-> [^^^' VI- 33- 

® ' area of circle 27r' •• 

/, area of sector = ^r- . ir r^ = Jr*^. 
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EXAMPLES. IV. 

1. A line turning about a point makes three complete 
revolutions and a sixth, what are the measures of the angle 
it has turned through, in degrees and in circular measure f 

2. Show that the angles turned through per minute by 
the hour and minute hands of a watch are, respectively, 
30' and 6\ 

3. What is the length of the arc which subtends 81* 
at the centre of a circle whose radius is 14 feet) 

4. Two radii are drawn from the centre of a circle so 
as to include an angle of 60"*, what is the ratio of the length 
of arc they intercept, to its chord ? 

6. Find approximately the area of the circle whose 
radius is 10 feet. 

6. Find the area of a sector of a circle, radius 12 
inches, whose angle is 22|°. 

7. A semi-circle is divided into two sectors whose 
angles are as 1 : 2 ; find the areas of the sectors. 

8. The area of a circle is 100 sq. yards, what is the 
circular measure of the angle subtended at the centre, by 
an arc of 10 feet 1 

9. Find to one decimal place, the side of a square 
whose area is equal to that of a circle whose radius is 
15 feet. 

10. Find the length of a circular railway curve which 
subtends 22^° at the centre, the radius being a mile. 

11. If the radius of a circle is 25 feet, find to 3 places 
of decimals the length of arc subtending 3" at the centre, 
taking tt to be 3*1416. 

H. T. 2 
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12. A water-wheel whose diameter is 12 feet makes 30 
revolutions per minute; give approximately the number of 
miles per hour travelled by a point on the rim. 

13. In a parallelogram the number of degrees in one 
of the angles is to the number of grades in another as 9 : 8. 
Find the angles. 

14. The difference of two angles is 10*, and the circular 
measure of their sum is 2. Find the circular measure of 
each angle. 

[Assume x and ^ to be the number of radians in each 
angle, then 

ISO/ X lA Ol 

(aj-y) = 10, a? + y=2.] 

IT 

15. If the number of degrees in an angle is equal to 
the number of grades in its complement, show that the 

circular measure of the angle is ^q • 

16. Express in grades the sum of the angles of a 
quindecagon. 

17. The angles of a triangle are as 1:2:3, express 
them in degrees and grades. 

[The angles are in arithmetical progression ; hence we 
may assume x-y, x, a; + yto be the angles expressed in 
d^frees, then since their sum is = 180°, 3a; = 180, or a;» 60 ; 

X "" 'U 

also ^ = i> which determines y.] 

18. The three angles of a triangle are in arithmetical 
progression and the greatest is double the smallest. Find 
each angle in degrees. 

19. The angles of a triangle are in arithmetical prou 
gression. The number of grades in the greatest is to the 
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number of degrees in the sum of the other two as 10 : 11. 
Find the angles in degrees. 

20. In an isosceles triangle the number of degrees in 
the vertical angle is equal to the number of grades in each 
base angle. Find the vertical angle. 

21. Find the angle in degrees and in grades of 

(i) a regular pentagon, 
(ii) „ „ hexagon, 
(iii) „ „ decagon. 

22. If such an angle be taken as the unit that an 
angle of 60" is represented by 10, find this unit angle. 

23. Find the unit when the measure of 120° is ^. 

24. Taking for unit angle the angle between two 
consecutive sides of a regular hexagon, find how many 
units of the kind there are in 

(i) a right angle, 
(ii) a radian. 

25. Find the ratio of the ungle ^ to the angle 5\ 
[Express the first angle in degrees.] 

26. Find the ratio of 10« 12^ 50^' to ^ . 

27. What is the ratio of 6« 66' 66-6'^ to 18'' 1 

28. Express in sexagesimal measure the angle whose 
circular measure is 1*04719, and in circular measure an 
angle of 125% taking for w the value 3-14159. 

29. If 1620.^+1800.(^=1, where ^ and c? are the 
numbers of grades and degrees respectively in an angle, 
find the magnitude of the angle in English seconds. 

2—2 
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30. The diameter of the earth being 8000 miles, what 
is the distance from the equator measured on the earth's 
surface, of a place in latitude 30° 1 

31. If the perimeter of a sector of a circle is equal to 
the length of the arc of a semi-circle having the same 
radius, find the angle of the sector in degrees, minutes 
and seconds. 

32. In a right-angled triangle the acute angles are 
a V and h' \ find a and 6. 



> 



CHAPTER n. 



The Trigonometrical Ratios. 



14. Having explained the manner in which angular 
magnitudes are measured, we proceed to define the trigono- 
metrical ratios. In the present chapter we confine our- 
selves to dctUe angles; in a later chapter we show how 
the definitions may be extended to angles of any size. 

Let F be any point on the line which generates the 
angle. From F draw PiV perpendicular to 0-4, the other 
bounding line. 



<»-t*y 







Then denoting AOF by A, 

NF 
the ratio ^~ is called the m,ne of A^ (written sin A\ 

ON 
the ratio -^ is called the cosym of A^ (written cos ^), 

NF 
the ratio ^y=~ is called the tangent of A, (written tan A). 
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We thus have 

. . side opposite A 

sin A =-^ — ^5 , 

hypotenuse 

. side adjacent to A 
hypotenuse 

. side opposite A 

tsJlA=-r^ ^^ ; r. 

side adjacent to A 

There are three other trigonometrical ratios in common 
use, which are the inverses of the sine, cosine, and tangent 
respectively; they are called the cosecant^ secant and 
cotangent, and are written cosec A, sec A and cot A, 

Thus cosec A = _^ZP2l5?E^!?_ = ^ 

side opposite A NP^ 

. _ hypotenuse _ OP 
" side adjacent to -4 ~ ON* 

^ . side adjacent to A ON 

cot A^ ., ^ ^_^ = 

side opposite A NP 

15. The trigonometrical ratios depend only on the 
angle. 

We notice that the trigonometrical ratios do not depend 
on the position of P on the line OP, for if any other point 
P' be taken on OP, draw FN' perpendicular to OA, then 
the triangles OPN, OFN are similar, and therefore 

NP NF 

OP' OF' 

similarly for the other ratios. Thus the shape of the 

triangle is known if one of the trigonometrical ratios is 

known. 

If the angle A changes, so also do its trigonometrical 
ratios. 
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Let us take a line OQ making with OA an angle A OQ 
which is greater than AOP^ and let OQ be equal to OP. 
Draw QM perpendicular to OA. 




Then sin QOM=^ = ^, and emPOM^^; but 

MQ is greater than NP, and therefore sin QOM is greater 
than sin POiT. 

Again coa QOM = -^ = -^ , and coaPOM=^; but 

OM is less than Oi\^, therefore cos QOM is less than 
coa PON. 

Hence we see that as the angle increases, remaining 
acute, its sine increases and its cosine diminishes. 

Notice that the trigonometrical ratios are mere numbers 
and can therefore be treated as ordinary algebraical quan- 
tities ; for instance, 

(sin -4 + cos Ay = (sin ^1)" + 2 sin ^i cos ^i + (cos A)\ 

Ex, 1. In a triangle ABC having a right angle at (7, 
we are given that AB = 5, -5(7 =» 4, AG = 3. 

Find the sine and cosine of each acute angle. 

^^- hi; h t- 

Ex, 2. The sides of a right-angled triangle are to one 
another as 25 : 24 : 7, find all the trigonometrical ratios of 
the acute angle& 
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16. Equations connecting the trigonometrical ratios 
of an angle. 

Referring to the definitions just given, it is seen at once 
that the following relations connect the trigonometrical 
ratios. 

COB A xsecil = l 

sin^ X cosecii = l 

tan A X cot .4 = 1, 
Also 

side opposite A 
A -. ^^^^ opposite A __ hypotenuse _ sin il 



(1). 



side adjacent to -4 " side adjacent to A " coaA* 
hypotenuse 
6inA\ 



thus tan A = 



cos 4 



.(2). 



and similarly cot A = —. — j 

•^ sm A J 

Equations (2) express the fact that the tcmgent of an 
angle is the ratio of the sine to the cosine, the cotangent is 
the ratio of the cosine to the sine. 

17. Other connecting equations. 
Since ONP is a right angle we have by Euclid i. 47, 
OF^^NF'-^OJP (a), 

= (8in4)* + (cos^)'», 
or, as it is usually written, 

1 = sin' A + cos" A. 
From (a) there follows also that 

\NP) "■ ^ ^ \NP) ' 
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or cosec^ -4 = 1 + cot' -4, 

and that (^y = l + (^*, 

or sec' il = 1 + tan' A, 

The following three equations are therefore merely 
different forms of the same theorem: 

sin' A + cos' -4 = l^ 

l+tan'il = sec'il I (3). 

1 + cot' A = cosec* -4 j 



EXAMPLES. V. 

If a question involves a trigonometrical ratio of A other 
than sin A or cos A, tan A for instance, it is usually best to 

replace tan A by ^ , similarly for cot A, Replace sec A 

cos JO. 

and cosec A by j and 



cos -4 sin ii ' 
From the definitions in Article 14, and equations (1), 
(2) and (3), prove the following : 

. L _i_ + _J 1. 

cosec' -4 sec" -4 

.2. -4. = !.^ 



cos' A cot' A ' 



sin'^"^tan'ii' 
4. cos' A - sin'il = 2 cos' -4-1. 
^ 5. 4cos'il-3=l-.4sin'A 

6. sin* A — cos* A = sin' A —cos' A. 

7. (sin ^ + cos il)' = 1 + 2 sin 4 cos A. 



11 
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O. :j J = 1 — COS -d. 

1+COSil 

9. t&n^A. cosM + cot«^ . sinM = 1. 

10. ( --;—. ) = 1 + — 5-7 . 
\ sin A/ cos^ A 

taxiA __ sin ii cos ^ 
1 — tan^^ ~ cos*^ - sin" it * 

12. sec* A + cosec* A = sec* A . coseo'-i. 

13. t; — 7 — T—. = cos' -4 - sin"^. 
1 +tan*^ 

14. tan«^+tanM = ^^. 

cos* -4 

15. l-sinM = cosM(l+sinM). 

16. tan A + cot A = sec A . cosec A. 

17. sin'-4 cos il + cos' ^1 sin il = sin -4 cos A, 

18. sin" A cos" -4 + cos* ^ = 1 — sin" A, 

18. When one trigonometrical ratio is given, to find 
the other ratios. 

The equations just obtained enable as to find any five 
of the trigonometrical ratios when the sixi^ is given. 

Take as an example the following case : — 
having given tan A = ^3, 

we have cot A = z = — t^t, 

tan A J3 

hence sec" ^1 = 1 + tan" ^ = 1 + 3 = 4, 

.*. sec -4 = 2, and cos il = — -r = i» 
' sec-4 ^' 

also sin" ^1 = 1 — cos" A, 
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/. Bin ^ = -^, and cosec A = —. — j = -rr . 
2 smA tJ3 

At the end of the chapter a table is given, showing 
generally how to express any five of the ratios in terms of 
the sixth. 



EXAMPLES. VL 

In the following cases the value of one trigonometrical 
ratio is given, it is required to find the values of the other 
ratios. 

1. sin^ = ^. 2. cosil = -Ts. 

3. tan A=^, 4. cosec -4 = 4. 

5. BeoA = ^. 6. cotil = 2 + ^3. 

19. The ratio of an angle is eaual to the co-ratio of its 
complement. 

If we agree to call either of the trigonometrical ratios 
sin A and cos A the co^atio of the other, so that 

{sin ii is the co-ratio of cos A 
cos A is the co-ratio of sin A^ 

. .. , ftan A is the co-ratio of cot A 

sunilarly "! ^ . . - j 

Icot A IS the co-ratio of tan J, 

J (sec A is the co-ratio of cosec A 

icosec^ is the co-ratio of secil, 

then any trigonometrical ratio of ii is the co-ratio of 90* --4. 
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For by the definition of the sine as -r r-^- , we 

hypotenuse 

se6 that the sine of OFN is -^p , which is equal to cos A, 

andOPiTisOO''-^ 

whence arises the result (which will be proved later for all 

values of A), 

sine of an angle = cosine of its complement^ or that 

sin(90'-ii) = cosul. 
In the same way 

iTP 
cos OPI^ = jyp = sin -4, 

or cos (90° — -4) = sin -4. 

By similar reasoning, 

ON 

tan (90°-^) = ^ = cot ^ 

cot (90**-^)=^= tan A 

20. Greatest and least values of the trigonometrical 
ratios. 

The hypotenuse is the greatest side of a right-angled 
triangle, hence the sine and cosine of an angle are always 
less than unity, therefore the secant and cosecant are 
always greater than unity, but the tangent and cotangent 
may have any values. 

21. The table which follows gives us the expression 
of any five of the trigonometrical ratios in terms of the 
sixth. 

It is obtained by the use of equations (1), (2), and (3), 
of this Chapter, and should be verified by means of them. 
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To explain the use of the table, take, for instance, the third 

column; this states, that x being written for tan A, then 

X 1 

sin A is equal to , cos A equals , and so on. 



bveLA = 



oobA = 



iBXiA = 



ootA= 



Be(iA = 



QOBeoA=s 



BinA=x 


cobA=x 


iaxiA=x 


<iotA=x 


BecA=ix 


coaecA=x 


X 


Jl'X^ 


X 


1 

Jl + x^ 


s/x^'l 

X 


1 

X 


sjl + x' 


Vi-^ 


X 


1 


X 


1 

X 


X 


Jl + x^ 


s/l + ^ 


X 


Jl'X^ 


X 


1 

X 


,/x^ 


1 


^1-X^ 


X 


^..-1 


Jl-x^ 


Jl^x^ 


1 

X 


X 


1 

Jx^-1 


Jx^-1 


* . 


1 


1 

X 


^1 + x^ 


^1 + x^ 

X 


X 


X 


JX-x^ 


Jx^-1 


1 

X 


1 


X 


Jl + x^ 


X 


X 


Vi-aj* 


Jx'-l 



EXAMPLES. Vn. 






Prove the following identical equations. 
L tan".<i-cot"il = sec'-4 -cosec*ii. 



tan^ 






2. sin^= - 

^l+tan«^ 

3. (1 + tan Ay + (1 - tan Ay= STsec" A. 

/ -^ a iu. , "■■■ '^,' ^'Ir 
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4 (smil + cosi4)" + (sm-4-coSil)* = 2. 

6. (1 + cos Ay + {I +sm Ay =3 + 2(310.1 + 008 A). 

o ^ m A ^^ A 1-2 sin" A cos" A 

^ 6. t8kD?A+oovA= ,-^r-. g-j — , 

sin"^ cos il 

. _ (cosec ^ + sec ^)" i « • /i a 

^ 7. ^ — 5^ a^ = l + 2sin^cos^. 

sec* + cosec" u 

-^ 8. smd(l+tand)-f cos^(l+cot^) = sec^ + cosecft 

^ 9. (l-tan*il)cosM+tanM = l. 

-/ 10. sin'^ +cos'-4 = (l — siiiil cosil)(smii + cos^). 

11. (tan -4 + sec -4 + 1) (tan il-secil + l) = 2 tan A. 

12. (sin ^ + cos ^) (tan tf + cot d) = sec tf + cosec ft 

13. (l+tanil + tanM)(l-cotil+cotM) 

= tan"^ + cot'il + l. 

, - sin" A + cos" A — sec" A ^ . . 

14. . a . 5-1 5-5= tan* -4. 

sin" il + cos" A - cosec"^ 



15. 



19. 



20. 



(tan ^ + sec ^1)" = = ; — j , 

^ ' 1— sinil 



16. tan A (1 -cot"il) + cotii (1 - tan"ii) = 0. 

17. sin" -4 tan" -4 + cos" il cot"-4 = tan"^ + cot"il - 1. 

18. If tanil-f sin^ = my tanil — sinil = 91^ show that 

m*— »"= 4tjnm, 
l-sec-4 + tanil sec -4 + tan ^1 — 1 



1 + sec il — tan ii flecii + tan^+ 1' 
1 + cosecil +cotil cosec il + cot il — 1 



1 + cosec il - cot -4 "" cot -4 - cosec -4 + 1 ' 

21. (sec^ + cosecd)" = (l + tantf)"+(l + cot^)". 

22. 2 cosec"^ = 1 + cosec* il - cot* A 

23. (sin il + sec Ay + (cos A + cosec -4)" 

= (1 + sec -4 cosec Ay. 
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24. taild = ^= ^ r-g r-r^. 

25. l-tan»d + tan*^ = cos»d(l+tan«^). 

26. (2~cosM) (1+2 cotM)= (2 + cotM) (2-smM). 

27. cosec* d (1 - cos* d) - 2 cot' d = 1. 

l+sin^ — cosd 1+sind + cos^ „ - 

28. = ,—^ ^+= r-^ ^ = 2cosec^. 

1+sin^ + cos^ l+sin^ — cos^ 

29. Show that sin ^1 + cos ^i is greater than unity when 
A is less than 90°. 

30. If tan ^ = ^ , show that 

sin 6> = — 7 cos^= 



31. If sin d= — = i , find the other ratios. 

32. Ifsmd = -5— s jr-5, prove that 

. ^ m* + 2mw 

33. Prove that 

(1 + cos il — sin" Ay (1 - cos A)* 

+ {I + em A ^co^ Ay {I -Bm Ay = aii^ A cos^ A. 

34. tan d + cotd = 2sin^cosd + sin^ ^ sec ^ + cos* cosec 0, 



CHAPTER ni. 
The Trigonometrical Ratios op Certain Angles. 

22. The values of the trigonometrical ratios of a few 
important angles can be obtained geometrically, as follows : 



(i) For an angle of 45°, or 



4* 



Take an isosceles triangle right-angled at A, Draw AB 
perpendicular to BC^ and therefore bisecting the angle A, 




The angle at B is 45°, and since 

AB = JbWTAD' = J2BD = J2AD 



hence 
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COS 45 

(ii) For an cmgle of 60°, or -^, 

Take an equilateral triangle ABG^ each of whose angles 
is therefore 60°. Draw AB perpendicular to BG. 




B 

Then ^^® ^^° "= ZS "" 2 ' 

also sin 60° = ^l-cos^eO, [Article 17. 

J X /./^o sin 60° 2 

(iii) i^or aw a/i^Ze of 30° or ^ . 
H. T. 8 
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In the last figure, the angle BAD is 30', therefore 

. QAo BD 1 

also cos 30- = J\ - sin« 30' = JT^ = ^, 

2 

1 



and 



"^^''--^-Tr 



The following table contains the above values collected 
for reference. 





sine 


cosine 


tangent 


cotangent 


30° 


1 
2 


n/3 
2 


1 
n/3 


n/3 


60° 


n/3 
2 


1 
2 


n/3. 


1 
n/3 


45° 


1 

x/2 


1 
n/2 


1 


1 



"We notice that 30" and 60" being complementary 
angles, a ratio of the one is the co-ratio of the other. 



r 



BXAMPLFrf;. Vm. 

Prove the following : 

1. tan 30' . tan 60' = tan 45'. 

2. sin 30' . cos 60' + cos 30' . sin 60' = 1. 

3. cos 30' . cos 60' + sin 30' . sin 60' = 4" • 



mmmm 
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4 tan 60' . sin« 45** = cos 30°. 
: cos 60°. 



5. 
6. 

^7. 



l-tan^aO" 
l+tan«30°' 



^1 



L:^^ = l>eos^30^ 

1 + tan 45 
1 + tan 30' 



1 + sin 60' 



1- tan 30* sin 30° " 
8. (1 + sin 45° + sin 30°) (1 - cos 45' + cos 60°) = J. 

^ 9. Show that the acute angle whose sine is — t^ lies 
between 30° and 45°. /^/cce- <^^^.,. ,^, ^/, ,,. 
4^ 10, Show that the acute angle whose cosine is -jr lies 
between 45° and 60°. 

23. The trigonometrical ratios of 0°, and of 90°, or ^ . 




Let us in Article 14, suppose first that OP lies near OA, 
and next that it lies near OB, Also, for simplicity, suppose 

3—2 
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that OP is of fixed length, P then lies on a circle whose 
centre is 0, meeting OA and OB in A and B. 

Fir sty when OP lies near OA, 

Here i^P is small and ON nearly equal to OA, 

Therefore 

NP 
sin AOP^ or ^^7;, , is small ; hence cosec AOP is large, 

ON 
cos AOP, or jrp, is nearly unity; hence sec -4 OP is nearly 

unity, 

NP 
tan AOPy or ^^ , is small ; hence cot AOP is large. 

Now suppose OP to approach 0-4, the i AOP approaches 
0*; sin-40P diminishes continually and ultimately becomes 
zero, or sin 0* = 0, 

hence cosec ^ OP increases and ultimately becomes infinitely 
great) or cosec 0* = 00 . 

Cos AOP approaches unity, or cos 0° = 1, 
hence sec -4 OP approaches unity, or sec 0* = 1. 

Tan il OP diminishes and finally becomes zero, or 
tan 0** = 0, 
hence cot ilOP increases and finally becomes infinitely great, 
or cot 0° = 00 . 

Next, when OP lies near OB. 

Here ON is small, and NP nearly equal to OB, 

Let OP approach OB ; then 

NP 
sin -4 OP, or -rjp , approaches unity, or sin 90* = 1, 

ON 
cos AOPy or ^yp f approaches zero, or sin 90" = 0, 
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NP 
tsLnAOPf or -^ , becomes infinitely great, or tan 90* = oo , 

cosec 90** = 1 
and thus we see that \ sec 90* = oo 

cot 90^ = 0. 




The above results are included in the following table. 





sine 


cosine 


tangent 


cotangent 


secant 


cosecant 


0° 





1 





00 


1 


00 


90° 


1 





00 





00 


1 



The statements contained in this table and the preceding 
one should be carefully remembered. 

^^^2A*. The trigonometrical ratios of 15°. 

Let ABC be an equilateral triangle, and let AD bisect 
the angle A ; also let AM bisect the angle BAD, then z BAE 
is 15', and by EucUd VI. 3 

DE DA . .^. V3 



38 



TBiaONOMETBY. 



Therefore 
1 + 



EB 
DE 



■1 + 



jr 



or. 



£D M + 2 

BE JZ ' 




IT 



DA 

and since j^ = tan 60" = ^3 

BB DA JS + 2 ' 
BE' BB" JS '^ 

DA 
.-. cotl5° = ^=2 + V3. 

From this result the other trigonometrical ratios of 15° may 
/\ be found, see Art. 18. 



25^. The trigonometrical ratios of 36° and 72°. 

Take a triangle ABO having each of the angles at the 
base double of the vertical angle, the base angles are then 
each 72°, the vertical angle is 36°. 

If AB is divided at J) so that AB, BD = AD^, by Euclid 
IV. 10, we know that AD^DG = GB, 

Draw AE perpendicular to BC, and denote the ratio of 
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AD to AB by x; then since AB(AB"AD) = A]^, it foUows 
that 1 - 05 = a^. 




Solving the quadratic, we find 03= — ^^^ 

take the positive root, hence 

AD _ ^5-1 ^BE _ ^5-1 

AB" 2 ' "^^ il^ - . 2 ' 

^oo ^^ n/5-1 
thus cos 72 = -7-=. = ^^^— i — . 

AJi 4 

From this we find 



; we must 



sin72- = yi0 + 27o. 
Since the triangle AGD is isosceles, 

AD ^CE' 



hence 



cos 36' = \ sec 72^*=—^ — = ^^^±1 



75-1 4 • 

The angles 54" and 36" are complementary, and therefore 
the values of sin 54" and cos 54" are found by Article J.9, 
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26. To find geometrically the angle having a given 
sine. 

Let the given value of the sine be a number n, which 
is necessarily less than unity. 

On any scale measure off a distance AB containing n 
units of length. Draw £C perpendicular to AB^ and with 
centre A and radius unity describe a circle cutting BG 
at D. 




Then, 



&in A DB: 



AB 

ad' 



n 
V 



Hence, ADB is the required angle. 
We may use a similar construction to find the angle 
whose cosine is given. 



27. To find geometrically the angle having a given 
tangent. 

Suppose 7^ to be the given value of the tangent. 

Measure on any line a distance AB containing h units of 
length, and on a perpendicular line measure off a distance 
AC containing a units of length ; join BG, 
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Then, tan -45(7 = -jg =-|. 

Thus ABG is the required angla 



EXAMPLES. IX. 



^ 



If A = 0\ J5=30% a = 45^ i> = 60% ^=90', find the 

values of the following expressions. 

1. sin5 + cos(7 — 1. 

2. tanM+tan«J5 + tan«(7. 

3. cos A cos B cos C7+ sin (7 sin i> sin E, 
4 cot«J5cosec«C-tan«2>. 

6. secil + 2sin-S + 2 cos" C + \ tan* Z) + cosec J^. 

6. sin -5 cos i> + cos -5 sin 2> - sin J^. 

7. cos* -5 4- cos' D + cos* J^ + 2 cos B cos Z) cos ^. 

8. sec -S (1 + tan (7) - sin* J^ (cos (7 + sin 2> cos 5). 

^ 1 + tan* B ^ . . ._o XV . r^v 

^« s — I — 5T7 + 3 (cos ^ sin* (7-sini>). 

2 — tan* C7 ^ ' 

10. (sin -ff + sin-^ (cos -4 + cos i>) - 4 sin -4 (cos(7 + sin j^. 

11. (tan 5 + cosec i? + cot (7) (cos il +cos^+l). 



CHAPTER IV. 
The Solution of Right-Angled Triangles. 

28. If ABC be a triangle, we shall denote the angles 
BACy ABC, ACB by A, B, and (7, respectively. The sides 
opposite to the angles A, B and G are denoted by the 
small letters a, 6, and c, respectively. 

In the present chapter, we consider the case in which G 
is a right angle, and therefore c the hypotenuse. 




Of the different sides and angles, or pa/rtSy of a right- 
angled triangle, one is already known, namely, the right 
angle; if then two more parts, one at least of which is a side, 
are known, the others may be calculated. 

These two parts may be given in four ways. 
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(I) Suppose a and b are given ; 

then A is found from the formula tan A = r; also 



JJ = 90" — il, B is therefore known. 

Also - = sin A. ,\ c = a cosec A, which finds c after A 
c 

has been found. 

JSx. Given a = 2, 6 = 2^3, 

2 1 

tan 4 = 2-73 = -73> •** ^==30', hence ^ = 60'. 

Also c = 2cosec30'=4. 

(II) Suppose c and a are given ; 

then - = sin A, which gives 4, and B - 90° — A. 
c 

^ b 

Also - = cos A, .'. b=c cos 4, which determines b, 
c 

Or b might be found from the formula b^ = c^- a\ 
Ex, Given c = 2, a = 1 ; 

sin 4 = I, or 4=^30°, whence 5 = 60°. 
Also 6 = Vi^ = N/3. 

(III) Suppose c and 4 are given ; 

then B^ being equal to 90° - -4, is found. 

, fa=csin4 . . , . 

*"**t6 = ccos^8ivmgaand6. 

(IV) Suppose a and A are given ; 

^5 = 90°-4 
then we use -j c = a cosec -4 
6 = c cos A, 
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EXAMPLES. X. 

Find the other parts in the following cases ; given that 
1. a = 3^7, 6 = ^21. 2. a = 2, 6=2. 

3. c = 12, a=6. 4. c = 4, a=^2JZ. 

6. c = 2, a=^2. 6. c = 10, il = 30^ 

7. c = 12, ^=:15% 

having given that sin 15° = ^ (^6 - ^2) 
cosl5'*=:i(V6 + V2). 
a a = 5^3, A = 60^ 9. a = 10, ^ = 45% 

10. a = 3, c = 12, 
having given that 

sinl4*28'21"=-25, 
cosl4**28'21" = -9683. 

29. Heights and Distances. 

We can now show how Trigonometry is applied to find 
the heights and distances of objects. 

In making observations of objects certain instruments 
are used ; 

(i) to find the inclination of the line joining the 
observer's eye to the object, to the horizontal; this angle 
is called the elevation of the object if the object is above the 
observer, and it is called the depression if it is hdow the 
observer. 

(ii) To find the angle between the lines joining two 
distant points to the observer's eye. 

The Sextant and the Theodolite are us«<i for these 
purposes. 



4 
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30. The method of calculating will best be understood 
from the following examples. 

Ex, 1. An observer at J, 300 feet distant from the 
base of a high tower BG^ notices that the elevation of i^ is 
30°, find the height of the tower. 




Here AB ^ 300, BAG= 30", it is required to find BG, 
BG = AB tan BAG, 

or J5(7 = 300x -^=173 nearly; 

height of tower = 173 feet, nearly. 

N.B. The observer's eye, at -4, is supposed to be on a 
level with the ground. 

Ex, 2. A pole is situated on the top of a tower 50 feet 
high. The elevation of the top of the tower to an observer 
at A is 30% the elevation of the top of the pole is 45°. 
Find the length of the pole, and the distance of the 
observer from the foot of the tower. 

Let the length of the pole GD be x feet, and the distance 
AB of the observer from the foot of the tower, y feet. 

Then we have, 

= tan 45 = L 

y 



4G 



dividing^ 
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50 1 



a; +50 
^^50"' 



V3. 




which gives 

a; = 50(^3-1) = 36-5, nearly. 
Also, y=^50J3 = S6'6, nearly. 

Ana, Height of tower = 36^ feet, distance of observer 
from tower = 86^ feet. 

Hoc 3. Instead of supposing the observer's eye on a 
level with the ground, the observation might have been 
taken in a standing position. 

A man 6 feet high observes that the top of a tree has an 
elevation of 45°, and the point where the branches begin an 
elevation of 30°. The distance of this last point from the 
ground is known to be 14 feet, find the height of the tree. 

AB representing the observer, draw AJS parallel to BF, 
We are given that AB = 6, DF=^ 14, and hence DE = 8. 

Let X and y be the number of feet in GF and BF 
respectively. 
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Then 



5 = tan jDil jSr = tan 30° = -4 . 

y >/3 



a:-6 



:tanC^^ = tan45- = l, 



dividing 




8 1 
^ = -To , or a; = 6 + 8 J3 = 19-84, nearly. 

03—0 fjo 



The tree is 19-84 feet high. 

Ex, 4. A man observes the elevation of a tower to be 
30", advancing towards the tower a distance of 300 feet he 
notices the new elevation to be 60", find the height of the 
tower. 
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A is the first position of observer and B the second; 
required the length of CD. Let GD contain x feet, and 
BG contain y feet, then 

^ =tan30° = 4?. 



y + 300~""""" -^3- 
- = tan60'* = J3: 

subtracting, 2L_ |=V3--^3, 

which gives 

300 ,, 1 300x^3 ^.^1 , 
— -n/3--^, or aj= ^-^^ = 259| nearly. 

-4»w. Height of tower = 259J feet. 

The figure might also be used to solve such a question 
as the following. 

A man at i> on a hill, whose height GD is known, sees 
that the depressions of two objects A and ^ in a horizontal 
straight line lying in a vertical plane through 2), are 30"* 
and 60*" respectively. Find the distance apart of A and B, 

Now ^-^ = cot30'*-cot60% 

From which AB is found. 

JSx. 5. A man walking along a straight road observes 
at a milestone a house in a direction of 30° with the road. 
At the next he sees it in a direction of GO"*. Find the 
distance of the house from the road. 

A and B being the milestones, it is required to find the 
distance GD of the house from the road. 

^ = cot30- = V3, 



THE SOUTTION OF RIGHT-ANQLED TRIANGLES. 49 



^ = cot60=-^j 



subtracting 







hence 

/3 
or the house is distant ~- of a mile from the road, or -86 
Z 

of a mile, nearly. 



EXAMPLES. XL 

1. A man who is 200 feet from the base of a chimney 
sees it at an elevation of 30°. What is its height 1 

2. A circular pond has a pole standing vertically out 
of its centre, whose top is 100 feiet above the surface. At a 
point in the circumference the angle subtended by the pole 
is 60% Find the radius of the pond. 

3. If a stick 2 feet long has a shadow 2^/3 feet in 
length, find the elevation of the sun. 

4. There are two places, A and B, on the banks 
of a river, exactly opposite each other. A line AG, of 

H. T. 4 



^- 
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length 50 yards, is measured at right angles to AB, and at 
C the angle subtended by AB is 30°. Find the breadth of 
the river. 

5. A man on a river-bridge 50 feet high sees a barge 
at a depression of 30°. If the barge is travelling at the 
rate of 3 miles an hour, in how many seconds will it reach 
the bridge ? 

6. The string of a kite is inclined to the horizon at an 
angle of 60°. The length of string is 180 yards. Find the 
height of the kite. 

7. In a room lighted by a single gas jet^ the shadow of 
a vertical stick 1 foot long is observed to be 2 inches in 
length, the stick being a foot from directly under the jet. 
Find the height of the jet. 

8. The top of a church spire has an elevation of 45°, 
the top of the tower, which is 100 feet high, an elevation of 
30°. Find the height of the spire. 

9. From a boat at sea the angles of elevation of the 
top and bottom of a tower 150 feet high on the top of a 
cliff are observed to be 60° and 45° respectively. Find the 
height of the cliff. 

10. A person observes the angle subtended by a tower 
to be 30°, he walks 50^3 feet towards its base and 
then finds that it subtends an angle of 60°. Find the 
height of the tower. 

«^ 11. A man on the bank of a river observes that the 
elevation of a tree on the other side of the river directly 
opposite him is 60°, his eye being level with the ground. 
He then retires 100 feet and sees that the elevation is 45°. 
Find the breadth of the river and the height of the tree. 
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12. The angular distance between two posts on the 
bank of a river is found by a person standing on the other 
bank opposite their middle point to be 120°. He then 
goes back 200 yards and finds their angular distance to be 
60°. Find the distance apart of the posts. 

13. At the top of a house ^50 feet high the elevation of 
a pillar is observed to be 45°, on the ground floor it is 60°. 
Find the height of the pillar. 

14. Standing at the comer ^ of a field ABGD^ a man 
observes that BG subtends an angle of 30°, 'walking from 
il to (7, whose distance apart he finds to be 100 yards, he 
then observes that AB subtends an angle of 60°. Find 
the lengths of the sides of the field. 



X 



^ 15. There are two posts which are 240 and 80 feet 
j high respectively. From the foot of the second the eleva- n -. 
I tion of the top of the first is found to be 60°. Find the 
V" elevation of the second from the foot of the first. 



C-D - 5Vv 



16. At a point midway between two posts they subtend : {j 
angles of 30° and 60° respectively.. Show that one of the 3 
posts is three times as high as the other. £^ - ^ *" ' -^ 

17. A man six feet high stands midway between two 
telegraph posts which are 50 yards apart. The elevation of 
the top of each is 60°. Find their height. 

18. A man in a balloon sees that two churches, which 
he knows to be a mile apart, subtend an angle of 60°. He 
is exactly above the middle point between them. Find 
his height. 

19. Two observers 1000 yards apart^ in the same 
vertical plane with a balloon but on opposite sides of it, 

4—2 
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take its angles of elevation as 16" and 75°. Find the 
height of the balloon, having given that 

tan IS'^sr 2-^3, tan75* = 2 + ^3. 

20. A and B are two places on the sea shore, one mile 
apart^ and C is an island at sea. The inclination of both 
AG and BO to AB is 60°. Find the distance of the island 
from the shora 

21. From one bank of a river the elevation is 30° of 
the top of a wall on the opposite bank whose height is 
known to be 56 feet. The height of the observer being 
6 feetj find the width of the river. 

22. From the summit of a tower whose height is 108 
feet^ the angles of depression of the top and bottom of 
a vertical column, standing on a level with the base of 
the tower, are found to be 30° and 60° ; find the height of 
the column. 

23. From the top of a ship's mast a buoy is seen to 
have a depression of 35°, on descending the mast a distance 
of 5 feet the depression is seen to be 34°. Find the distance 
of the buoy, having given that tan 35° = •?, tan 34° = '675. 

24. A boy standing b feet behind, and opposite the 
middle of a football goal, sees that the elevation of the 
nearer cross-bar is a, and the elevation of the further 
one p. 

Show that the length of the ground is b (tan a cot )8 — 1). 

25. A valley is crossed by a horizontal bridge, of 
length I The sides of the valley make angles a and p 
with the horizon; show that the height of the bridge 
above the bottom of the valley is 

/ 
cot a + cot P ' 



THE SOLUTION OF RIGHT-ANGLED TRIANGLES. 63 

26. The height of a lighted candle is 6 inches, and the 
radius of its section is f of an inch. The radius of the 
shadow cast by it is 5|- inches. Find the height of the 
flame, and if the inclination to the horizon of the line 
joining the top of the flame to a point on the boundary 
of the shadow is a, shew that tana = |. 

27. Within a quadrangle the height of whose sur- 
rounding walls is half the side of its base, it is observed 
by a man 6 feet high that the elevation of one side of the 
quadrangle is 30* and that of the opposite side is 60*. Find 
his distance from these two sides. 

28. The top ledge of a window subtends 60* at the eye 
of a person whose head is on a level with the bottom ledge 
of the window and distant h feet from it. The bottom 
ledge subtends 90*. Find the height and breadth of the 
window, supposing the eye to be opposite the middle point 
of the ledge. 

29. From the extremities of a ship 500 feet long, the 
angles which the direction of a buoy makes with that of 
the ship are 60* and 75*. Find the distance of the buoy 
from the ship ; having given that 

cot75* = 2-V3. 
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CHAPTER V. 

The Signs of the Trigonometrical Ratios 
OF ANY Angle. 

3 1 . Measurement of lines. 

If it is required to measure from a given point a given 
length along a straight line supposed indefinitely prolonged 
in both directions, we must know in which direction the 
given length is to be measured off. 

For the sake of clearness we agree that lines measured 
along the line from left to right shall be called positive, 
and consequently that lines measured from right to left 
shall be called negative. 



The length AB is thus positive, and BA negative, or 
AB = ^BA. 

If (7 be a third point anywhere on the straight line we 
have always AB = AC + CB ; thus, if as in the figure, C is 
beyond B, the line CB is negative. 

32. Take two lines AOA\ BOB' at right angles, 
lines measured along or parallel to OA or OB are called 
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positive. Lines measured along or parallel to OA' or OB' 
are called negaiive. 




Thus in the figure iTP and ON' are both positive, MQ 
and OM are both negative. A definite sign is thus always 
attached to NF and OiiT. This agreement as to the signs 
to be attached to lines, will be referred to subsequently as 
the rtde of signs. 

Observe that PN^-^NP, and QM^-MQ. The four 
portions into which the indefinitely extended lines AOA\ 
BOB divide the plane are called qv^adrants, 

33. Application of the rule of signs to the trigono- 
metrical ratios. 

By aid of the rule of signs, the definitions already given 
in Article 14, of the sine, cosine, &c., for an acute angle, may 
be extended so as to apply to angles of any magnitude. 

From a point P on the bounding line let fall a perpen- 
dicular PN'y then in whatever quadrant OP happens to be 
situated, the ratios of the last chapter are called the trigono- 
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NP 
metrical ratios of the angle AOP-y namely, ^j^- issin^OP, 

ON NP 

^ is cos -4 OP, Q^ is tan^OP; the reciprocals of these 

being the cosecant, secant^ and cotangent of AOP. 
B B 





A' N 



B' 



A' 



A' 



From the rule of signs we see that NP is positive or 
negative according as P lies above or below AOA\ and that 
ON is positive or negative according as P lies to the right 
or left of BOPf \ toe take OP as being altoaya positive. 

To show how the rule of signs affects the trigonometrical 
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ratios, take as an example the second figure. Here NP is 
positive and ON is negative, hence 

NP 
sin AOP = jrp^ is positive ; 

Anj> ON , 
cos AOP = "Yp, IS negative ; 

NP 
tan AOP = ^Yjr.f is negative. 

The proper signs of the ratios in each quadrant will be 
given below. 

The cosecant^ secant, and cotangent are, as before, the 
inverses of the sine, cosine, and cotangent, respectively. 
We thus again obtain equations (1) of Article 16. 

It is seen, just as in Article 16, that 

. sin^ ^ . cos A 

tanil= ri cot^ = -; — T. 

cos A' sm A 

Lastly from the fact that OF^^NP^+ON\ it follows, 
as in Article 17, that 

sin^ A + cos* -4 = 1, 

sec" -4 = 1 + tan".4, 

• cosec" il = 1 + cot' A, 

Hence all the equations originally found in Chapter II., 
to connect the trigonometrical ratios of an acute angle, 
are now found to be applicable to the trigonometrical ratios 
of an angle of any magnitude. 

34. Two important consequences of the definition of 
the trigonometrical ratios should be observed. 

(i) The a/riihmetical values of the ratios obviously 
depend only on the acute angle OP makes with AOA\ 
since that determines the shape of the triangle OPN. 
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Corresponding to any position of OP there are three 
others which give angles having their trigonometrical ratios 
arithmetically equal to those of the cuigle bounded by OP, 

(ii) If irom any given position the line OP turns 
through four right angles, or any multiple of four right 
fiuigles, we get the set of angles {OA^ OP). These angles 
have the same bounding lines, they therefore have the 
same trigonometrical reUios. 

If the arithmeticaUi/ smallest of the angles (OA^ OP) be 
A, then this set of angles are all included in the expression 
n.360*+ii, where n is any positive or negative integer, 
and A has its proper sign. See Article 3. 

In circular measure, if a be the circular measure of A, 
the set of angles {OA, OP) are the following, 
a, 2ir + a,4ir + a, 6ir + a... and — 2ir + a,— 4ir + a, — 6ir + a... 

They are all included in 2nir + a ; and we thus see that 
any trigonometrical ratio of 2nir-\-a is equal to the same 
ratio of a. 

Ex. Find sin 766'. 

sin 766** = sin (2. 360'* + 45) 

= sin 45*, by this Art\ple^ 
1_ 

35. To trace the changes of the sine of an angle as 
the angle increases firom 0° to 360% 

Referring to the figures of Article 33, take OP as being 
a line of constant length and equal to r, calling AOP the 
angle A, since 

Sin^ =-7r^ = — • 

OP r ' 
we have merely to observe the changes of JTP. 
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First QuadrcmL 

When -4=0, NP is zero, hence sin 0** = - = 
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,0-2=0. -p 



L IS J 



As A increases so also does NF^ till when A = 90'', we 

T 

have NP = r, hence sin 90* = - = 1. 

r 

Thpg -ff^ft Bftft f.h at for the first quadrant sin A increas es 

fro m zero to unity and is positive, since NP is positive. 

Second Quad/rami, 

As A increases, NP diminishes; and when A is 180% 

NP vanishes, therefore sin 180* = - = 0. 

r 

F or the second quadrant sin A dec reases from unity to 

z ero, and is positive, since N P is positive. ', 

Third Quadrant, \/\ 

As A increases, NP increases (and becomes negative) ; 

when A =270* we have NP^-^r, thus sin 270* = — = - 1. 

r 

F or the third q uadrant sin A chtm ges from zero to — 1, 

a nd isnepative, since NP is i^fprafivft 

Fowrth Quadrant. fsj" 

As A increases, NP diminishes (remaining negative); 

when A is 360* we have i\^P= zero, thus sin 360* = - = 0. 

F or^the fourth g iiadrant ^\ p ^ y.|ni.ngftfl_from — 1 to zero, 
a nd i s negative, since NP is negative. 

36. To trace the changes in the cosine of an angle. 

In a precisely similar manner the changes of the cosine 
can be traced, the results being as follows : 

, ON 

cos A = . 

r 
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First Quad/ra/rU, 

co80° = - = l, cos9(r=? = 0. 
r r 

Cos A decreases from unity to zero, and is positive. 

Second Quadrcmt, 

Cos A changes from zero to — 1, and is negative. 

I'hvrd Qiiadrant. 

Cos A changes from — 1 to zero, and is negative. 

Fourth Qtbodrcmt. 

Cos A changes from zero to unity, and is positive. 

3 7. To trace the changes in the tangent of an angle. 

tan^ = ^. 

Fvrst Quadrant, 

In tMs quadrant JTP and OiT are both positive, as A 
increases, IfF is increasing and OiV diminishing ; also 

tanO" = 0, tan90' = g = oo, 

so that tan A increases from zero to infinity, and is positive. 

Second Qtuidrant. 

Here JTP is positive and ON' negative ; NF decreases 
and ON increases, also tan 180* = 0. 

For the second quadrant tan -4 is negative, and di- 
minishes from infinity to zero. 

Third Qv>adramt, 

NF and ON are both negative ; NF increases and ON 
diminishes ; also tan 270 = oo . 

For the third quadrant tan A is positive, and increases 
from zero to infinity. 

The same values as in the first quadrant 
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F<ywrth QuadrmU. 

NP is negative, and ON positive ; NP diminishes and 
ON increases ; also tan 360° = 0. 

For the fourth quadrant tan A is negative, and diminishes 
from infinity to zero. 



38. Table of signs of trigonometrical ratios. 

It is necessary to remember the signs of the trigono- 
metrical ratios in the four quadrants; a useful table for 
that purpose is here given : 

tangent 



sine 



cosine 



The first figure states that sin^ is positive if the 
bounding line of A lies in either of the first two quadrants, 
and negative if it lies in either of the last two. 

An angle whose bounding line lies within any particular 
quadrant is called for brevity an angle of thai quadrarU. 

We thus say that the second figure states the fact that 
angles of the first or fourth quadrants have the cosine 
positive, angles of the second or third have the cosine 
negative. 

An inspection of the tables shows us that sines and 
cosines of angles of opposite quadrants have contrary signs, 
and that tangents of angles of adjacent quadrants have 
contrary signs. This fact will be subsequently referred 
to. 
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39. From Article 20, and the investigations of Articles 
35-37, we see that the sine and cosine of an angle cannot 
be numerically greater than unity, and therefore that the 
secant and cosecant cannot be numerically less than unity. 

The tangent and cotangent are seen to be capable of 
all values between +oo and - oo . 

40. When we take OP of invariable length r, P 
describes a circle. 

If PN is produced to meet the circle at P, the l POP 
is double of the lAOP. Let the tangent at P to the circle 
meet OA in T. 




The chord of the arc on which iPOP stands is PP^ or 
twice PN, 

The sine, cosine, and tangent of the angle AOP are the 
ratios of NP, ON, PT, respectively, to OP. 

OYf^ng to this connexion of the trigonometrical ratios 
with a circle, they are sometimes called circula/r functions 
of the ^AOP. 
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To say that any magnitude is a fwnction of lAOF 
expresses the fact that the magnitude changes only when 
z AOP changes. 

In the older treatises on Trigonometry, the lengths of 
the lines NFy ON, FT, and not their ratios to the radius, 
were defined to be the sine, cosine and tangent, respectively, 
of the angle AOF. With this definition, the sine, cosine, 
and tangent are functions not of the angle alone, but also 
of the radius #f the circle. 
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CHAPTER VL 



Properties of the Trigonometrical Ratios. 



41. If two angles together make up 90°, each angle 
is said to be the complement of the other. 

If two angles together make up 180°, each angle is said 
to be the supplement of the other. 

For instance, the complement of 30° is 60°, but its 
supplement is 150°. 

42. Gonnexion between the trigonometrical ratios of 
angles eq.nal in magnitude but opposite in sign. 

If the angle AOF be A, the angle AOQ wm he - 4, 
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where AOQ is arithmetically equal to AOP, but of opposite 
sign. 

•Take OF and OQ equal to each other, and join PQ 
cutting OA perpendicularly at R 

The triangles FOIf, QON have their sides equal in 
length, but NP and NQ are of opposite sign, hence 

. , .. NQ ^NP . . ,,, 

a»(-^) = ^=-^p =-^^ ^ ^' 

-(-'')-^-^-"«^ » 

From this it follows by division that 

tan(-il) = -tanil (3). 

43*. To find aU the angles having the same cosine as 
a given angle A* 

The set of angles (OA, OP) have the same cosine as A 
(Art. 34), similarly the set (OA, OQ) have the same cosine 
aa—A, that is as ^, by the last Article. 

These two sets of angles are both included in the 
formula, 

n.SeO'^^A, 

where n is a positive or negative integer. 

Moreover these are the only angles having^ the same 
cosine as A; for there can be no other angle in either 
of the quadrants in which A and —A are situated, and all 
angles in the quadrant opposite to that of A have their 
cosine opposite in sign to cos il ; similarly for all angles in 
the quadrant opposite to that of — A. 

Expressed in circular measure the angles having the 
same cosine as a are 

2nw*o, 
where a is the circular measure of A, 

These angles have also the same secant as A. 
B.T. 6 
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44. Connexion between the trigonometrical ratioB of 
an angle and its supplement. 

The angle AOP being A, the angle AOQ will be 180' - A, 
the angles FOA^ QOA' being equaL 




Take OQ equal to OP, and draw FN^ QM perpendicular 
to AOA\ The sides of the triangles FON, QOM a.re equal 
in length, but OiiT and OM have contrary signs ; hence 

sinAOQ^^^^^smAOF, 

or Bin(180'-ii) = sinil (4), 

A Ann OM --ON , 

and cosilC'© = y^= ^p =-cosii, 

or cos(180"-ii) = -cosii (5). 

From this it follows that 

tan(180"~il) = -tanii (6). 

45*. To find aU the cmgles having the same sine cu 
a given angle A. 

The angles {OA^ OF) have the same sine as A ; the 
angles (Oi, OQ) have the same sine as 180** - A^ that is 
as A^ bj the last Articla 
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These two sets are respectively 

n . 360' +A, n . SGO** + ISC'* - A, 
or in circular measure 

2nw + a, {2n + 1) tt - a, 
where n is any positive or negative integer, and a the 
circular measure of A. 

Both formulse happen to be included in the one ex- 
pression 

WW + (-!)"• a, 

where m is any positive or negative integer. 

These angles have also the same cosecant as A. 

46. Oonnexion between the trigonometrical ratios of 
angles differing by 1S0\ 

Produce OF bounding the angle A to Q, making OQ 
equal to OF. 




The angle AOQ is 180° + A. Let fall the perpendiculars 
FN and QM. 

The triangles FON, QOM have their hypotenuses equal, 
and their sides equal and of contrary sign, hence 
MQ -NF 



BmAOQ = -^= OP 



= '-sin AOF, 



5—2 
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or sin(180' + ii) = -sinil (7), 

and QO&AOQ^-^^'-^ =-QO&A0Pi 

or COB (180' + ^) =-008-4 (8). 

From this it follows that 

tan(180" + ^) = tanii (9). 

47*. To find all the angles whose tangent ia the same 
as that of a given angle A, 

We see from the last Article, that (OA, OP) and (OA, OQ) 
have the same tangent as A. And these are the only angles 
having the same tangent as ^1; for the two quadrants to 
which thej do not belong are both adjacent to that of A 
and therefore^ bj Article 38, give angles whose tangents 
have the opposite sign to tan A. 
Hence the required angles are all included in 

n.360' + il, or n.360* + 180* + ii. 
In circular measure thej are 2nir + a; 2fMr + 7r + a. These 
are both included in 

mir + a, 
where m is any positive or negative integer, and a the 
circular measure of A, 

These angles have also the same cotangent as A, 

48. Connexion between the trigonometrical ratios of 
angles whose sum or whose diiference is 90^ 

Draw OQ perpendicular to OP^ making OQ equal to 
OP ; and let foil perpendiculars PN^ QM. 

The triangles PO^y QOM are seen to be equal, also 

NP=-OM, MQ^ON. 

In the figure both MQ and ON are negative. 
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Hence, 



• Ann ^Q 0^ Am^ 

an AOQ ^ -^ ^ gp= COS AOF, 






= - sin -4 OP. 




M 



/' 

First, let A be the angle AOP, then i AOQ = 90* + A, 
and the above equations give us, 

8in(90" + il) = cosii (10), 

cos(90* + il)=-sin.l (11). 

From which it follows that 

tan (90' + ^) = - cot ii (12). 

Next, let AOQ be taken equal to A, then 
lAOP^A-'^Or^ 
thus sin ii = cos (il - 90°), or by Article 42, 

sinil=cos(90*-.il) (13), 

also cos -4 = — sin (ii - 90*), or by Article 42, 

cos^ = sin(90'*-ii) (14). 

From which it follows that 

tan4=cot(90°-il) (15). 
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The last three results have already been given for the 
case where ^ is an acute angle, see Art. 19. 

49. The following table contains the results of the 
preceding equations from (1) to (15). 





-A 


180 -ii 


180 + il 


90+^ 


90-i4 


sine 


-mnA 


sin^ 


-sin A 


008 il 


008^ 


cosine 


008^ 


-008^ 


-008^ 


-sinii 


8in^ 


tangent 


-tan it 


-tan^ . 


tanil 


-COtii 


coiA 



The results of the table may be applied to find other 
results of the same kind, as follows : 

Ex. 1. Find sin (270'-^). 
sin (270° - ^) = sin (90* + ISO** - B) 

= cos(180"-5), by(lO), 

A being replaced by 180* - B, 
= - cos -5, by (5). 
Or thus ; 

sin(270-i?) = sin (ISO* + 90° - JB) 

= -sin(90--^),by(7), 

A being replaced by 90* - Bj 
= -co8 5, by (14). 

Ex, 2. Find cos (540" + C). 
cos (540* + C) = cos (360° + ISO" + C) 

= cos (ISO" + (7), by Article 34, (ii.) 
= - cos (7, by (S). 
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Ex.Z. Find tan 330". 

tan 330' = tan (180** + 90' + 60') 
= tan (90" + 60), by (9), 
= -cot60%by(12), 
\_ 

Or thus ; 
tan 330" = tan (360" - 30) = tan (- 30"), Article 34, 

tan 30", by (3), 

J_ 

The importance of the results contained in the table 
makes the following rule a useful one; it applies to all 
cases, and includes those in the tabla 

(1) Any trigonometrical ratio of (even multiple of 
W ±A) is equal numerically to the same trigonometrical 
ratio of A, 

(2) Any trigonometrical ratio of (odd multiple of 90"+ -4) 
is equal nwmerically to the corresponding co-ratio of A. 

How to determine the sign will best be seen from an 
example. 

Find sin (270" 4- -4); here we have an odd multiple of 
90* + ^, we therefore take the co-ratio of sin^ which is 
cosil, hence, sin (270" + -4) is equal numerically to cos ^1, 
and since 270" + ^ is of the 4th quadrant, supposing A 
to be acute, its sine is negative ; 

:.sia{270" + A)=>-coBA. 

Find tan (540" - il) ; we have an even multiple of 
90" - A^ we therefore take the same trigonometrical ratio of 
Af thus 

tan (540" - -4) is equal numerically to tan A, 
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And since 540* - ii is of the second quadrant supposing A 
to be acute, its tangent is negative ; 

:. tan (540*' - il) = - tan -4. 

50. In the figures of Articles 42, 44, and 46, we have 
taken A as being an acute angle. The results of those 
Articles are, however, true, whatever may be the value 
of A, It would be a good exercise to draw the figures in 
the case when A is greater than 90*. The proof will be 
found to apply identically. 

*50 A. Graphical reinresentation of the sine. 

In order to obtain a graphical representation of the 
values of the sine of an angle for different magnitudes of 
the angle, we shall suppose the circular measure a of an angle 
is represented by taking a length OilT measured along a fixed 
straight line GAB, according to a fixed scale, from a point ; 




we shall then suppose that the value of sin a is represented by 
the length of a line NF called an ordinate, drawn perpen- 
dicularly to the given straight line, through the extremity of 
the length a ; sin a is then represented for different values of 
a by the curve traced out by the extremity Pof this line ilTP. 
In the figure, OB, OA represent 2w, tr respectively, 

o 

OMy OM' represent ^ and -5- ; then MC = 1 represents 



sin ^, and M*G* = - 1 represents sin -^ . 



The curve cuts 
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the line OAB in the points 0, A, B since the sines of 0, 
w, ^ir are zero. It should be observed that the curve OCP 
is similar in shape to ACP'^ the ordinates in the latter 
being negative since the corresponding angles are between 
IT and 2w. Beyond OAB^ in either direction, the curve 
00GB is repeated indefinitely often, thus representing 
the sines of angles which do not lie between and 29r. 

^50 B. Graphical representation of the cosine. 




In a similar manner cos a may be represented by the 
curve DCEC'D*'y in this case OD^BD'^l since 

cos = cos 27r = 1, also AE = — 1, 
since cosw=-l. The curve cuts OAB in the points (7, 

n 

C", since cos^=cos-^ =0; as in the last case the curve 
2 2 

will be repeated indefinitely beyond 0, and B. 

^50 C. Graphical representation of the tangent. 
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In the case of tan a, the ordinates are of infinite length 

when at C^, A* since tan — = oo , tan-jr- = oo ; the curve cuts 

OAB at 0, Ay B, since tan0 = tan9r = tan 2ir=:0. It 
should be observed that tan a changes sign when it passes 

IT 

through the infinite values corresponding to a = -, and 

EXAMPLES. ^^J^TT , 

1. Use the results of equations (1) — (15) to find the 
values of the following expressions. 

(1) sinl20". 
[sin 120" = sin (180* - 60') = sin 60', by (4), = ^1 . 

(2) cos 120". (3) tan 120". (4) cot 150'. 

(6) sec 225". (6) sin 240'. (7) tan 210'. 

(8) COS136*. 

2. Find the values of 

(1) tan 300'. (2) cot 315*. (3) cosec330'. 

(4) sin 1125'. (6) cos 900'. 

3. Show by using equation (13) that sin 45' = cos 45'. 



4 Eind cosec 



(^4)- 



5. Apply the rule given in Article 49 to find the 
values of 

(1) cos (270' -il). (2) sin (360'-^). 

(3) cot (360'-^). (4) tan (270' + ^). 

(5) sin(360'4.il). (6) cos (720' -il). 

(7) cot (720' + ^). (8) cosec 420'. 
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6. By writing 90* + B tor A in equations (4), (5), and 
(6), deduce equations (13), (14) and (16), making use of 
(10), (11) and (12). 

7. By writing 90'-^ for A in equations (10), (11) 
and (12), deduce equations (4), (6) and (6), making use of 
(13), (14), (15). 

8. From the proof of Article 48, if il be the angle 
AOQy show that 

sinil=-sin(il-180'). 

9. Draw the figure when the angle A is obtuse, in 
equations (1), (2) and (3). (The proof will then apply 
identically.) 



ohapteh vil 

The Trigonometrical Ratios of two or more 
Angles. 

51. The projeetioiis of lines. 

If from the extremities FQ of any line FQ, perpen- 
diculars FMj QN be drawn to any line AB^ the portion 
MN intercepted is called the projection of FQ on AB. 




Q 



M 



B 



Through F draw FR parallel to AB, then if QFB be A, 
we have 

MN^FRr^FQooAA. 

Thus the projection of a line on another line AB is 
equal to the first line multiplied by the cosine of its inclina- 
tion to AB, 
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52. Projections of the sides of a triaa^ 
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From the preceding definition of projection there follows 
a simple connexion between the projections of the sides of 
a triangle. 




From the vertices P and Q of the triangle OPQ draw 
FM and QN perpendicular to OA ; it is obvious that 

ON^OM'¥MN, 
MN^ON^OM, 
or in other words 

projection of OQ = projection of OP + projection of PQ, 
projection of PQ = projection of OQ - projection of OP, 

53. Trigonometrical ratios of the sum of two angles. 

To show that 

8in(A+B)->sinAco8B+cosA8inB l"-^^- 
cos(A+B)-«cosAcosB-sinA8inB. j/^--^^^^^u^ • 

If the angles AOC and COB (see next page) be called A 
and B respectively, the angle AOD is equal to A-^B, 

In OD the line bounding the angle A-k^B take any point 
Py and from P draw PE perpendicular to OC. 

Project the sides of the triangle POK on the line OA, 
then as in the last Article 
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projection of OP = projection of OK- projection of PK^ 

iOP and OA\aA-{-B, 
OiTand OA is A^ 
PK^n^OAi&W-A, 
thierefore, by Article 51, 

OP cos (A^B)^OKcosA'- PK cos (90^ - A), 
but OK^OPcoaB, and PE^OPsinB, 




hence ^ 

OP cos {A-¥B) = OP COR BcobA- OP sin B cos (90* -^ A\ 

writing sin A for cos (90° - -4), by Article 19, and omitting 
OP, we have 

cos (-4 + -5) = cos ii cos -5 - sin ^ sin -5 (a). 

Next project on OB 

projection of OP = projection of 0/ir+ projection of KP^ 

and the angle between 

OP and 0^ is 90' -(^ + ^), 
. OJrandOJ?is90*-il, 
ZP and 05 is il ; 

/. OP cos {90° - (il + 5)} = OZ cos (90' - ii) + JfP cos il, 
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hence substituting the values of OK and KP as before, 
OPcos{90'-(ii+jB)}=OPcos^cos(90°-ii) + OPsinjBcosi4; 
omitting OP, and using Article 19, we have 

sin (^ + jB) =? sin -4 cos ^ + cos il sin ^ (6 ). 

Trigonometrical ratios of the difference of two 



54. 

angles. 

To show that 

8in(A-B)==sinAco8B-co8AsinB 
cos(A-B)~cos A cos B+sin A sin B. 
The angles AOG and DOG being A and B, the angle 
AOD is equal to ii - j^. 



]s^ 




In OD, the line bounding A-B, take any point P, from 
P draw FK perpendicular to OC. 
Projecting on OA, we have 
projection of OP = projection of OK + projection of KP, 

f OP&ndOAisA^B, 
and the angle between J OK and OA is A, 

(^PandOil i8 90*'-ii. 
Hence, 
0Pcos(ii--5) = 0A'cos^ + ZPcos(90'-ii) 

= OP coaBcosA + OP sin J5 sin -4, 
or cos(il -J5)=cosii cos^ + sin^i sin 5 (c). 
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Again, projecting on OB, we have 

= OP cos B ^vclA- OPvm B coaAy 
thus sin(ii — ^) = sinii Gos^—cosil sin^ (d). 

The formulae (a), (6), (c) and (d) are of the greatest 
importance, and should be carefully remembered. We 
notice that (c) and (d) are obtained from (a) and (b) by 
writing in them — ^ in place of B. Observe that these 
results are only proved true when ii + ^ is an acute angle, 
but an extended proof is given at the end of the chapter, 
so that we shall henceforth assume them to be true for 
angles of any magnitude. 

The following examples illustrate the above results. 

Ex, 1. Eind the value of sin {A + 180*) ; 
by (a), 

sm (A + 180') = sm A cos ISO" + cos il sin ISO* 
= - sin ii ; 
smce sm ISO' = 0, cos ISO** = - 1. 

Ex, 2. Find sin 75'; 
sin 75' = sin (45' + 30') 

= sin 45' cos 30' + cos 45' sin 30' 

- ^ n/? JL 1- n/3 + 1 
"72- 2 ^ ^2-2" 2^2 • 

Ex. 3. Given sin il = ^, cos ^ = |^, find cos (A + B); A 
and B being of the first quadrant. 
Since, 

&inA=i, co8il = 7l-T=-^. 
and sin^ = Vn:^=^. 



; 



/ 
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Hence 

2J2 1^1 3^7 _ 1 J7 
" 3 • 8 3 • 8 ~ 6^2 8 • 

EXAMPLES. XIII, 

1. Show that cos 75*' = ^^^^. 

n -n xi- X • /^Ko j\ COS -4 + sin ui 

2. Prove that sin (45 +A)= -p, . 

3. Prove that sin (45° - il) = cos (^ + 45°). 

4. Find sin 15° and cos 15°. 

[sinir = sin(45--30')4, . f --)-,. 1= .^]. 

2 

5. Show that cosec (A + 60') = - — -, j^ ^ • 

^ ' sin A + ^3 cos A 

6. Prove that sin (30° - a) + sin (30° + a) = cos a. 
(30°-D-cos(30° + f) = sinf. 

7. Show that tan ii + tan^= ^"'^'^^^i, , 

cosil COS B 

8. Show that cot j5- cot ii = 5E_(^i;i4^ 

sin il sin j0 

9. Show that 

(cosil + cos jB)» + (sin il + sin jB)« = 2 + 2 cos (A - B). 
10. Show that 

(sinil + cos jB)«+ (sin j5 + cosil)« = 2 + 2sin (4 + ^) 
IL If sin^ = fj, 8injB = ^, find the value of 
cos (A - B). 

H. T. 6 



cos 
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12. If cosil-=f, cosecJ5 = ^, find sin(il--B). 

13. If sin ii = ^, cos j5= 5^^, find cos (A + B). 

14. If sec 4 = 113, cosec B = $|, find sin {A + B). 

15. Iftanii = -!^, tan j5 =: f, find sec (^-jB). 

16. If ta.nA=a, tan^ = 5, 
show that sin (il + J5) = 



V(l+a»)(l+6«)' 

17. Prove that 

sin (a + j8) + cos (a - )8) = (sin a + cos a) (sin P + cos P), 

18. Prove that 

sin {A + 2jB) cos ii + cos (il + 2B) sin il = sin {2A + 2B). 

19. Prove that 

sin -4 cos (5 + (7) - sin 5 cos (A + C) = sin {A-B)cos C. 

20. Prove that sin (a + j8) sin (a - )8) = sin' a - sin' fi, 

21. Prove that 

cos(ii +^)cos (il - jB) = 1 -sinM-sin'jB. 

22. Prove that sin 3A cos 2il + cos 3ii sin 2il = sin 5A, 

23. Prove that 

sin (ii + ^) cos j8 — COS (il + jB) sin ^ ~ sin A, 

24. Prove that cos (a + j3) cos )3 + sin (a + j3) sin )3 = cos a. 

25. Preve that cos cos 3^ + sin ^ sin 3^ = cos 2^. 

26. Prove that 

(cos -4 - sin il sin 2 Ay + (sin ii + cos 2ii sin -4)' = cos' A, 

27. Prove that 1 + tan il tan 2il = sec 2-4. 

28. Prove that sin' (A + 45") + sin' (il - 45") = 1. 
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55. To iKTore that 

8in2A»28inAcosA \ 

co82Aaco8^A-8in>A. / 

If we take B equal to il in the addition formulae (a) 
and (6) they become 

sin 2i4 = 2 sin A cos A \ ... 

cos2il = cos* ii — sin' -4 j ^'' 

If in the last expression we substitute 1 — cos* A for 
sin' il, it becomes ^*^ y^ e^r^n t^ Xc^r^ -C 

cos2i4=2co8«il-l, ^ Ci>^^A-f>-i.<i^^ J 
and again by substituting for cos' A its value 1 - sin' ii, we i 

have r^ 

cos2^ = l-28in»il, / - t^ -X^ -t i^^Xw*^ J 
hence cos' -4 - sin' -4 \ #v ' • txre nlv l-o^*^ ^ Jt^ 

2cos'ii-l l=cos2J (ii). ^ 

l-2sin'il ] 

. , ^ A . sin 2ii 2 sin il cos il 

Also tan2ii = — 55-.= — r-j r-r-r, 

cos 2il cos' A — sin' il 

and dividing the numerator and the denominator of the last 

expression by cos' A, we have, 

28inii 

tan24= "^^ 



1- 



COS'il 



^ .. 2tani4 ,.... 

or, tan 2A = ^,^,^ (m). 

The formula (i), (ii), and (iii) should be committed to 
memory. 

Two other formul» are sometimes useful. 

- sin'ii 
.. l-tan'-4 cos'il cos' ii - sin' ii 

^ 1 + tan'il sin' a cos' -4 + sin' ii ' 

oos'ii 

6—2 
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/p\ f J - ^^^ ^ - 2 sin ii cos ii _ sin 2il 
^^ ^^^'^■^S^" 2cos«^ "l + cos2ii' 

. sin 2il 
or, tan A = 



1 + cos 2il • 

Direct geometrical proofs will be given of most of these 
theorems in the following chapter. 

Ex. 1. If cos^ = ^, find cos 2A. 
cos 2-4 = 2 cos' A- I 
by (ii), of this Article 

Ex, 2. If cos A=\y find sin ^ . 
2 sin' -^ = 1 - cos A 

by (ii) of this Article 

= l-i,orsin^ = V|. 

J^aj. 3. Show that 

cos' A + sin' A cos 25 = cos' B + sin' B cos 2ii. 
Multiply both expressions by 2, and replace 
2 cos' 4 by 1 + cos 2il, 
2 cos' jB by 1 + cos 25; 
the left side becomes 
1 + cos 2ii + (1 -cos 2A) cos 2J5 

a 1 + cos 2il + cos 25-cos 2A cos 25, 
the right side becomes 
1 + cos 25 + ( 1 - cos 25) cos 2 A 

=» 1 + cos 2il + cos 25 - cos 2ii cos 25. 
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Thus the expressions are seen to be equal. 

The above method of introducing the cosine of the 
double angle instead of the square of the sine or cosine of 
the angle, is of frequent use. 



EXAMPT.TO. 2IV. 

1. Given the values of sin 30' and cos 30", deduce 
those of sin 60" and cos 60". 



2. Given cos 30" = ^ , prove that cos 15" = ^^^^ . 

3. If sin ui = 7, find cos 2A and sin 2A, 

4. If cos ii = f , find tan 2A, 

5. If cos 2ii = ^, show that coa A = ^-^ . 

6. Given that sin -4 = i, show that sin 2A = -^~- . 

o 

7. Show that sin 2ii = 



1+tanM' 

8. From (fi) show that tan 22 J" = -^^ — i • 

A Tfc xi X 1 — cos 2^ ^ . 
0. Prove that — t—^t-a — = tw^ -A. 
sm2il 

10. Prove that 2 cosec 2A = sec A . cosec A, 

11. Prove that (sin il + cos A)^ = 1 + sin 2-4. 

12. Prove that (sin -4 - cos il)'= 1 - sin 2ii. 

13. Prove that cos 2a . sec^ a = 1 — tan' a. 

14. Prove that tan ^ + cot ii = 2 cosec 24. 

15. Prove that cot il — tan il = 2 cos 2ii cosec 2 A. 

16. Prove that cos* A — sin* il s cos 24 . 
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17. Prove that ■= s-7= taua^A: and hence that 

1 + cos 2il 

tanll2i-=j-1^2- 

18. Prove that cos (j - o\ cos (j + $j=^^ cos 2$. 

ift -D xu X cosec2a l+tan*a 

19. Prove that = jr- = tz — ^ . 

1 + cosec 2a (1 + tan a)' 

20. Prove that cosec 20 + cot 20 = cot 0. 

21. Prove that 8in»(ii + ^)~8in»(ii-^)=sin2ii.sin2A 

22. Prove that 2 sin« (45* - il) = 1 - sin 2il. 

23. Prove that 

cos" (A + 15*') + COS" {A - 15') = 1 + ^ cos 2A. 

24. Prove that 

COS* ii + cos« (il + 60') + cos» (ui - 60*^) = f . 

l«tan«(j-a) 

25. Prove that ^ sin 2a. 

l+tan«(^-a) 

26. Prove that ^^!^^-*-^!^^^=.cot'4, 

2 sin ii — sin 2ii 2 

27. Show that cos 18' = sin 72'. 
Hence prove that 

I = 4sinl8'(l-2sinn8'). 

56. Summary of results; new formula. 
In Articles 53 and 54, the following important equa- 
tions have been proved: 

sin (il + jB) = sin ii cos ^ + cos il sin -ff, 
cos (ii + jB) = cos A cos B — sin A sin -ff, 
sin (il - ^) = sin A cos B - cos A sin jB, 
cos (ii - -B) = cos il cos ^ + sin il sin B. 
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From these, by addition and subtraction we get 

sin(ii+-ff) + sin(il-^) = 2siniicosJ^, 

sin (il + ^) -sin (ii --B) = 2 cosii sin jB, 

co8(ii +B) + cos (-4 - j5) = 2 cosil cos^, 

cos (il - jB) - cos (^ + j5) = 2 sin ii sin jB. 

C + JD C — D 

Let A + B=:G, il-jB = 2>, t^eiisinceui =— g— , ^=— g— , 

we get from the last set of formulse, the following new ones, 
Bin(7+smi> = 2sm— H— cos — ^ — (1), I 

sinC/-sm2> = 2cos — ^ sin — 5 — (2), 



^ 



cos(7+cos2> = 2cos^±^cos^^ (3), / ^^^^^ 

COS i) — COS (7 = 2 sin — =— sin — = — (4:). 

On account of their importance it is usual to remember the 
last four results in words, as follows : 

The sum of two sines = twice sine of half the sum multi- 
plied by cosine of half the difference. 

The difference of two sines = twice cosine of half the sum 

multiplied by sine of half the difference. 
The sum of two cosines = twice cosine of half the sum 

multiplied by cosine of half the difference. 
The difference of two cosines = twice sine of half the sum 

multiplied by sine of half the difference reversed. 

Ex. 1. Express sin ui + cos JB as a product. 



sin ^ + cos 5 = sin il + sin 



(i-4 
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or by (1), 

Or we might write cos T^ — ii J for sin il, thus getting 

the sum of two cosines, then use (3). Prove that we get the 

same result. 

For instance, 

• o^o 1KO o • Arc. 25'-15'\ A.o 25° -4-15% 
Bm25 +cosl5^=2slnf 45 + s ) cos (45 \ 

= 2sin50\cos25\ 

r» o a- v- sinil-sin5 

Ex, 2. Simplify -: — -. ; — = . 

^ "^ sin -4 + sin -5 

^ . A-B AatB 
sin.i-sin2? ^sm-^cos-^— ^^^ ^^^ 

siuil+sini?" ^ . i + 5 Tr:5-**^"^-^^*-2~- 

2sin-^cos-^— 

Ex, 3. Simplify sin il + sin 2i4 + sin 3^. 
Take together the first and last terms thus, 

Sin il + Sin 3il = 2 sin — jr — cos — -^ — = 2 sin 2il cos il 

and sin2il = 2sinilcosJy 

hence 

sin -4 + sin 2il + sin 3il = 2 cos -4 (sin ^A + sin -4 ) 

= 2 cos it . 2 sin -^ cos — 
= 4 cos -^ COS il Sin -TT-. 
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TnrAMPT.TO. zv. 

Prove the following results : 

1. sin 60" + sin 40* = 2 sin 50" cos 10\ 

2. sin 70" - sin 50° = 2 cos 60' sin lO". 

3. cos 73° + cos 81° = 2 cos 77° cos 4% 

4. cos 1° - cos 11° = 2 sin 6° sin 5°. 

5. Express as products 

(i) sin 70° + sin 30°. (ii) sin 30° - sin 15°. 
(iii) cos 17° -cos 77°. (iv) cos 1° + cos 3°. 
Show that the following equations are true : 

6. sin 80° + sin 40° = ^3 cos 20°. 

7. cos 45° + cos 75° = cos 1 5°. 

8. sin (ii + 60°) - sin (4 - 60°) = ^3 cos A, 

9. sin(2ii+4jB)+sin(4ii+2^)=2sin(3ii+3j5)oos(ii-j5). 

10. sin 2il + sin 8ii = 2 sin hA cos ZA. 

11. cos 3ii + cos 5ii = 2 cos A cos 4il. 

12. sin(^+jB-(7)-sin(^-^+(7) = 2cosilsin(J5-C). 

13. cosil— cosl5il = 2sin7ilsin8ii. 

14. cos (n - 1) -4 + cos (n + 1) il = 2 cos A cos nA. 

15. {sin (il - jB) + sin (ii + 3^)} sec 2jB 

= (cos 2 J5 — cos 2ii) cosec (A — B), 

,- sinui + sinjB , A->tB rxr x- i.u x A-B 

16. 3 5? = tan — -zr— • [Notice that cos — ^r — 

cosil+cos-ff 2 *• 2 



divides out.] 

sina- 
coscT+cos^S 



-_ sina — sinjS ^ a-fi 
17. — » ^ = tan — s-^ . 
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18. -r ^ = cot — ^ . 

-^ sina + 8in3a , 

19. o-=^»ii2a. 

cos a + cos oa 

„^ sin 80' + sin 10° . .^. 

20. ^TTo r^ry = cot 46 . 

COS 80 + COS 10 

„- cos 50* -cos 70° .^ 
sin70'-siD50°~^ • 

. 5j5 .3^ 

22- —53 g5 = cot2i?. 

cos -y- cos -^ 

7A A 

COS -4. cos ^ ^ 

2^- -IT— T="^*8- 

sin^-sin-^ 

„. 8in(il + 3^)+sin(3ii+.B) ^ ,. m 

24. — ^ . ^.^ — .— ^^5 = 2 cos (J + ^). 

sm 2il + sin 2^ ^ ^ 

25. cos 25* - sin 5° = cos 35°. 

rto . 2ir . 47r . Ctt . . IT . 3ir . Sir 

26. sm -=- + sin -=- — sm -7=- = 4 sin = sm -7=- sin -=- . 

7 7 7 7 7 7 

2„ J. cos(J+jg)-cos(^ + (7) _ cos(jg+(7)-cos((7+ii) 
cos (il - ^) - cos (.B- (7) " cos(^-(7)-cos((7-il) ' 

., .„ tan B tan C 

thenwiU - d^A ^—^TB' 

tan-^- tan-^ 

28. (sin ^ + cos ^) (sin 20 + cos 20) = cos tf - cos ^3^ + 1^ . 

29. cos 60° 1' = cos 1' - cos 59° 59'. 

30. cos 60° + 2 cos 70° + cos 80° = 4 cos« 5° . cos 70°. 
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31. COS J -COS 5 -sin (-4 -5) 

= 2sin^(sm^ + cos|)(sin| + cosD. 

«„ Bin45" + cos75' 1 ^.^o 

32. . .go =r7 = — To cotlD . 

Bin 45 -cos 75 ^ 

57. It is often required to change products of sines 
and cosines into a sum. For this purpose the formulae 
at the top of page 87 are needed. They may be ex- 
pressed in words as follows : 
the first two ; 
twice the product of sine and cosine 

= sine of sum + sine difference of angles : 
the other two; 

twice the product of two cosines 

= cosine of sum + cosine of difference of angles : 
twice the product of two sines 

=s cosine of difference — cosine of sum of two angles. 

Ex, 1. Express as a sum 2 sin IS*" cos 10°. 

Ans. sin 25* + sin 5'. 

Ex, 2. Express as a sum 2 sin (il + ^) cos ((7 + i>), we 
get^ by the first rule, 

sin(il+-5+(7+Z>) + sin(il + ^-(7-i>). 
Ex, 3. Show that 
sinii8in(^-C) + sin^sin((7-il) + sin(78in(il-^) = 0, 
we have 

8inilsin(-5-(7) = J{cos(ii-j5 + (7)-cos(il+^-C)}, 
8in-B8in((7-J) = J{cos(jB-C7+il)-cos(i? + (7-ii)}, 

On adding these three lines the terms on the right are seen 
to destroy each other. 
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F.XAMPLTW. XVL 

Express as a sum, (or difference), the following : 
1. 2sin(a + j8)cos(a-j8). 2. 2sin3aoosa. 
3. 2 sin 11° cos 27^ 4. 2 sin 2^ cos ^. 

5. 2 cos 7ii cos 5il. 6. 2 sin 9^ sin ^. 

Prove the following results. 

7. sin (j8 + y) sin ()8 - y) + sin (y + a) sin (y - a) 

+ sin (a + P) sin (a - )8) = 0. 

8. sin {P — y) cos (j8 + y) + cos (y — a) sin (y + a) 

= cos (a - j8) sin (a + fi). 

9. cos(120*' + ^)cos(120°-il) = ?^^^|^^. 

10. cos(30--.i)cos(60--.i) = ^^^5^^LtN/?. 

11. sin (120° - A) cos (60* + il) = J sin (60° - 2A). 

cos 2a 



12. sinf a+ 2) 8Ui(a — t)=-" 



2 • 

13. Sin0sin2^ + sin3^sin6^ = sin4^sin5^. 

14. sin 2A c6s A + sin 6 A cos A = sin 3 A cos 2A 

+ sin 5 A cos 2^1. 

15. sin 10°. cos 60'+ sin 5° cos 45° = sin 15°. cos 55°. 

16. cos (36° - A) cos (36° + ii) + cos (54°+ A) cos (54° -A) 

= cob2A. 

17. sin (n+ 1) J5 sin (n- 1) -B + cos (w + 1) -B cos(n- 1) B 

= oob2B. 

18. siniicos(ii+^)-cosil sin (ii - J5) = cos 2^ sin -B. 

19. cos^sin(^-^) + cos^sin(^-^)+cos^sin(^-^)=0. 
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20. cos(j8+y)sin(j8-y) + cos(y + a)sm(y-a) 

+cos(a+)3)sm (a -)8) = 0. 

21. cos(il + jB)cos(i4-^)-cos(5 + C)cos(jB-(7) 

+ cos (-4 + C) cos (-4 — C) « cos 2il. 

22. Bin(a+)8)cosj8-sin(y+a)oosy=sin()8-y)cos(a+j8+y). 

23. l+cos2(il--ff)cos2i? = cosM+co8«(il-2^). 

24. sin (a + j8 — 2y) cos j8 - sin (a + y - 2 j8) cos y 
= sin (P -y){cos (j8 + y - a) + cos (y + a - j8) + cos (a + j8 - y)}. 

25. sin(ii+-B)sin(5+(7)=siniisin(7+8injBsin(i4+-5+C7). 

26. Transform 4 sin ii sin jS sin (7 into a sum. 
[2sin^sin(7 = cos(jB-(7)-cos(^ + (7), 

.•.4sinilsin-5sin(7=2sin^{cos(^-(7)-cos(5 + (7)} 
=sin(il+jB-C7)+sin(il-^+(7)-sin(il+^+C)-sin(ii-5-(7) 

58. To prove that i ^ 

♦l^«/Au.^l^ tanA-ftanB / -^^=^ 

^.» ^A TIN tanA-tanB 
^^^-^^-^ l+tanAtanB ' 

From the values already found for sin (A + B) and 
cos (il + B)f the value of tan {A + B) may be found at 
once: thus 

. . _. sin (^ + ^) sin ii cos ^ + cos il sin ^ 

tan(il+-5) = Yi ©( = -A 5 ' 7—' rif 

^ ' cos (-4 + j5) cos il cos ^ - sin ii sin ^ 

divide the numerator and denominator of the last expression 
by cos -4 cos B^ we get 

sin A sin B 

tajiMiJl- ^^'^ ^f^^ tauil+tanjg 

'^ ^ ^~., siuil sin^ ~l-tan4tan^ 

cos -4 ' cos^ 
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In like maimer 

^ , . ^. WiiA—B) sin ^ cos ^ - cos A sin B 

tan iA-B)^ ^-j — ^ = -, 5 ; — r-^ — 5 , 

^ ' cos -4 — j5 cos il cos j? + sm il sin ^ 

hence, proceeding as before, 

sinil sini? 

X I A «v ^^8-4 cosjB tan^-tani? __ 

tan (A-B)^ \ . i r == — 3— ^ H. 

1 ^^^ sin-p l + tan-4tan/^ 

cos il ' cos ^ 
If in I. we take B equal to il we regain a formula 
already proved, 

. ^. 2tanil 
tan 2il — ; 



1-tanM' 

Ex. Find the value of tan (45* + A\ 

J. /Ano jv tan 45" + tan il , ^ ^^ .eo 

tan (46 + il) = ;= — - — .^^ ^ j , but tan 45 = unity, 

^ ' l-tan45 . tan-d •" 

hence, tan (45' + il) = J^^^^ . 

^ ' 1 - tan A 

f^ BXAMPLTO. ZVn. 

1. If tan il = 7, and tan B = ^, show that 

tan (^+2?) = ,^. 
[Substitute for tan A and tan B in I. of this Article.] 

2. Given that tan -4 = J, tan B = ^, show that 

tan (il + i?) = 1. 

3. If tan (-4 + ^) = 3, and tan il = 2, what is tan Bl 

"t 4. Prove that a + )8 = ^, if tan a = 4, and tan j8 = -j- . 

Prove the following results : 

cot A cot ^ - 1 



5. cot(ii+^) = 



cot A + cot B 
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7. tan (45° + A) tan (45° - ^) = 1. 

8. tan (45" + ^)- tan (45°-^) = 2 tan2il. 

.9. tan(..SO,= ^^^^^ 

I 10. tan(^ + 60")tan(^-60-) = i±|^. 

11 X tA mx tA j>\ tan»jl-tan»^ 

11. t^(A+B)t^n(A-£)= ^_^,^^^,^ . 

i« . /^ T*v X /^ T>x sin 2^ sec" ^ sec* ^ 

12. tan(.l + ^) + tan(^-^) = -^-^^^,2te^^- 



13. tan(^ + 45°) = ./j-t^ 

^ \ 1— SI 



sin2ii 
sin2ii* 



11 1 + tan^ tan 2^ ::=: tan 2^ cot A - 1. 

15. ^3 + tan 40° + tan 80° = ^3 tan 40° . tan 80°. 

16. ntanil = Y»tani? = ^, 

a 

tan (il + ^) = j-j . 

17. IftanJ? = i— ^^,thentan(il + 5) = l. 

1+tanii' ^ ^ 

18. tan a + tan fi + tan (tt - a - j8) 

s= tan a tan fi tan (tt — a — j3). 

59^. Ctoneral proof of fimdamental formtil». 

In finding the trigonometrical ratios of the sum and 
difference of A and B we have supposed that A, B, and 
A-k-B are acute angles. 
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The method of proof adopted has the advantage of being, 
after a slight modification, applicable to angles of any size. 

The modification consists in attaching a sign to a 
projection; thus in the figure of Article 51, FQ has the 
positive projection MI^, but QF the negative projection IfM, 
so that projections measured towards the right are positive, 
projections measured towards the left are negative. 

With this understanding we easily see that the projection 
of FQ is = FQ cos A, where A is the angle which FQ makes 
with the positive direction OA. So that if ii is acute the 
projection is positive, if ^ is of the second quadrant, the 
projection is negative, and so on. 

It follows that the projection of one side of a triangle is 
always equal to the sum of the projections of the other two 
sides taken in order, for example we notice in the figure 




O M N 

that the projection of OF = projection of OQ + projection of 

60*. We proceed to find cos (il + B), where both A 
and B are obtuse. 

Call the angles AOG, GOD respectively A and B, and pro- 
ject on OA. Draw FK perpendicular to GO produced. 
Then projection OP = projection 0K+ projection KF 
OF makes with OAiaA +B, 
OJTmakes with OA is 180' + A, 
KF makes with 0^ is 90' + ii ; 



and the angle which 
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also OK^OP COS (180° 'B) = -OF cos B 

ZP = OPsin (180° -^) = OP sin i?. 
Hence 

OPcos{A+B) = 

- OP cos i? cos (1 80" + A) + OP sin B cos (90° + il), 

or cos (-4 + ^) = cos il cos j5 — sin -4 sin B. 




In like manner the other formulae in Articles 53 and 54 
may be proved for obtuse angles. Those results are there- 
fore proved generally, and thus also the results of Article 
56, which depend on them. 

A 61. Other proofii of the formula for sinCA^^B) and 
C08(AifaB). 

The following method of proof, which used commonly 
to be given in works on trigonometry, may be regarded as 
an alternative to that which we have adopted. 

lii the figure on the next page, let the angle BAG =A, 
and the angle GAD = B, then the angle BAD = A + B. 

From P, any point on the line bounding the angle 
whose trigonometrical ratios are required, draw PQ and 
PB perpendicular to AB and AG. 

n.T. 7 
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From B draw RM and BN perpendicular to AB and 

I 

The angle iV^PJ? = 90"*- iPBN= iNBA = A; 

NP \ NB . , 
hence -^^ = cos -4, ^^ = sin A. 

irsi rH 



PQ. 




We have 

• /i m -Pin ^« g^+^^ RM NP 

. ,, „, RM AB NP PR 
.'.sin{A+B)=-^. jp+^.jp 

= sin ^ cos B + cos ii sin B, 
Again 

coa{A-^B) = coBBAD=-^= j^= — j^ — y 

,, r,. AM AB NB PB 

:,cos(A+B)^-j^ .___._ 

= cos A cos B — sin il sin ^. 



62. We find the sine and cosine oi A — B in a similar 
manner. 

Let the angle BAG=A, and the angle GAD = By then 
will angle J?^i> = ji - ^. 

From P any point on the line bounding the angle whose 
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trigonometrical ratios are required, draw PQ and PB per- 
pendicular to AB and AG. Through £ draw EM and BI^ 
perpendicular to AB and PQ, 
The angle 

NPB = 90" - NBP=NRC=^ A ; 



hence 



PN , NR , , 




sm{A-B) = BinBAD = -^^ ^i> =AP'AP' 

. ,. „, RM AR PN PR 
'^^"^'^^^AR'AP'PR'AP 

= sin A , cos B — cos -4 sin B, 
Again 

/i »x R^n ^Q AM + MQ AM NR 

,. „. AM AB IfS PR 
■"^^^-^^IR-AP^PR-AP 

= cos ^ COS ^ + sin ^ . sin A 



63. Various Formnlae. 

We add for reference a number of miscellaneous 

7—2 
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formulae which are fi*equentl7 useful, most of them have 
already been proved. 

sin {A + B) sin (A- B) = sin«^ - sin» B. 

cos (^ + ^) cos {A-'B) = oo&^A - 8in*^= cos' B - sin* A. 
. f.^o A\ l+tan-i 

tan(45--^) = ^::^. 
^ ' 1+tanil 

sin 3^ = 3 sin ^ - 4 sin' A. 

cos3^ = -3cosil+4 cos* A. 

. o J 3 tanil— tan'-4 
**'^^^= l-3tanM • 

8inl5' = ^«p^, coBl5- = ^«±^2 
tan 15" = 2 - ^^3, cot 15° = 2 + ^3. 
sinl8» = ^, cos 18-. ^^^Q^, 
tanl8° = JV25-10V5, cot 18^* = ^5 + 2^5. 



«r^ CHAPTER VHI 
Special Geometrical Proofs. 

6 4. The product formiito. 

Take two equal lines 00 and OD such that iA0G = O, 
z A OD = D. Join CD and draw ON perpendicular to (72), N 
will be the middle point of CD. Also l NOA^^ {€ •¥ D), 
zNOC==i{C-D)^iNOD. 

c 




Project on OA, 
Projection of 00 = projection of OiV— projection of CN. 
Projection of Oi> = projection of ON-h projection of ND ; 
hence, projection 00 + projection of OD 

= twice projection of Oli; 
since projection of ON = projection of ND, 
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-Or.. 00.<me 4 *0:dooaD = 20N COS ^--, 

hut: •: ••: ••••(JWr^Oe^cosl^r— , therefore 
.-•%::••::•:•.•.••••••••• •* 2 

cos(7 + cos2> = 2cos — ^ — cos — ^ — . 

Next projecting on 0-B, the perpendicular to OJ, we get 
' in like manner, 

C + i> 

OC sin (7 + Oi> sin 2> = 20iV8in — g— , 

or, sinC/ +smx> = 2cos — s— sm — 5 — . 

Again, projecting on 0-4, 
projection 02) = projection of OG + twice projection of GN^ 
since GN^ND, 

G " D 
also CiV^ = 0(7 sin — ^ — > hence 

G —D G 4- D 
Oi> cos 2> = 00 cos + 2 0(7 sin —j- sin — g— , 

^ ^ . . 0-i> . 0+Z> 

or, cos Z> = cos O + 2 sin — ^— sin — ^ — . 

Similarly projecting on 0J5, 

G — D G + D 
OOsinO = Oi>sini>+ 200sin — 2" cos— ^, 

or, sin (7 - sin Z> + 2 sin — ^ — cos — j^— . 



65. To prove geometrically 

sin 2A=2 sin Acos A, cos 2A=cos^ A-sin^ A. 
Let AOB be the diameter of a circle, and let PAB=^A, 
then FOB = 2 A ; draw PiV perpendicular to AB, 
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Then 



sin 2^ = -^^, 



now PiV. -4-5 = 2 A APB = AP . PB, since l APB is 90*; 
therefore 

PN.AB AP.PB il^cos^sinui 



sin2il = 



OP.AB'OP.AB OP.AB 

= 2 sin il cos il, since OP = ^AB; 




^, ON ON.AB AIP-BiP AP'^BP' 
also cos Jil-^^-^p^^- 2Qpj^B " AB^ 

= cos'il— sin^il. 
Notice that, 

PN 

PN PN OP sin 2^ 

''AN^A0-{-0N''^^qN''l^.co^2A' 
^'^OP 



tanil = -rr^ 



66. To prove geometrically that 

♦•ti/aj-wn tanA+tan B 
*^<^+^>^ l-tanAtanB - 

AB and (7i> are two perpendicular chords of a circle ; 
draw BF parallel to CD, and through F draw FO parallel 
to AB. Since GE = GD, we see that ED- EG = EQ = BF. 
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Let the angles ADEy BDE be denoted by A and B ; 
then I AFB = A + Bf since it is on the same arc AB, as ADB. 

{AE + EB)ED 
(ED-EG).ED' 



XT * /i m ^^ AE + EB 
Hence tan (^+i?) = -g^==-g^-^^ 




but 



F^ B 

EC .ED = EA. EB, hence 



AE^ EB 
ED^ ED 



,,.-,, (AE^EB)ED 



Eiy-EA.EB 



^ ED' ED 

tanil + tan^ 
" 1 - tan A . tan B' 



67. To prove that the area of a triaiigle=iab sin 0. 





Let ABC be a triangle, then as has been already ex- 
plained, it is usual to denote the angles at the vertices A^ B 
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and C by those letters, the lengths of the sides j5C, GA 
and AB being denoted by a, h and c respectively. 
From A draw AD perpendicular to BG. 

Area of a ABG^\AD.BG; 

but AD = 6 sin (7, and BG = a, hence 

area of a ABG = \ah sin (7. 

Similarly we might show its area to be ^6csinil, or 
|ao sin^. 

68. To prove geometrically 

Sin(a+p)=8inaC08p+C08aBinp. 

Using the figure of the last Article, let us call i BADy a 
and the z GAD, p. Then AD = b cos p = c cos a. 
Area of a ABG = area of a BAD+sj:ea,oi a GAD, 

/Area of triangle ABG = ^bc sin A = lbc sin (a + )3). 
and ^Area of triangle BAD = ^AD . 5i> = ^6 cos )8 . c sin a. 
(Area of triangle GAD = \AD . Oi> = ^c cos a . 6 sin )8 ; 

therefore \bc sin (a + )8) = ^6c cos )3 sin a + ^ftc cos a sin )3, 

from which the result follows. This theorem has been 
already proved geometrically in Article 53. 

MISQELLANEOnS EXAMPLES. ZVm. 

Prove the following identities 

1. cos ii + cos (120* - ii) + cos (120** + ii) = 0. 

2. cos' A - sin* il = ^2 cos (45° + ji) (1 + sin A cos A), 

3. sin 3il = sin A cos 2il + cos il sin 2^1 

= 3 sin il - 4 sin' -4 . 

4. cos 3-4 = cos A cos 2^1 - sin A sin 2i4 

= — 3 cos il + 4 cos* 4. 
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Sin il + Sin jB 2 

sinii — sin^~^ A-£' 



sin A + sin B ^ A + B 

6. 5 j, = tan— ^— . 

cos -4 + cos j5 2 

sinii — sin^ ^ A — B 

7. 5 p=tan ^ . 

cos il + cos B 2 

^ cos A + COS B ^A+B ^A^B 

8. 5 7 = cot — 5 — cot — jr— . 

cos^-cosil 2 2 

9. (sin 2 A - sin 2i?) tan (^ + ^) = 2 (sin" A - sin" J5). 

sin 2 A 2 

1 +sin2^ " (1 +tan^) (1 +cot^) ' 

11. 2 cos (^ + 30**) cos (^ + 1 20**) = cos {2 A + 1 60**). 

12. cos" A - cos" 3 A = sin 4:A sin 2 A. 

13. 1 + cos" 2ii = 2 (sin* A + cos* ^). 

14. sin^ + sin(^+|!^) + sin(^ + y) = 0. 

-_ sin (oj + 3y) + sin (3a; + y) ^ , 

15. ^ . ^^ — T-ii ^ = 2cos(aj + 2/). 

sin2aj + sm2y ^ *^^ 

1 A ^ /a t\ cos 2i4 

16. tan(il+j) = - r-«-j. 

\ 4/ 1 — sin 2-4 

17. cos (i? + C) cos (^ - C) - cos (ii + C) cos (il - (7) 

= sin(^ + ^)sin(^-^). 

18. Iftanii = ;p^, tan J?=j-^, then 

4 - a/o 4 + ^o 

tan(ii-^) = -375. 

19. sin 70'* = sin 10° + sin 50^ 

20. sin 1 18" - sin 2* = sin 58°. 
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21. COS 9** -COS 51** = sin 21\ 

22. sin(ii--B)sm((7 + i>) + sin(^-(7)8in(il + i)) 

+ sin ((7-il)sm (-g + 2)) = 0. 

1 + sin ii - /- ^ A\^ 

23. -^ j=i(l+tan-). 

1 +cosii ^ \ 2/ 

24. cotg-tan^ = 2. 

ne • /^ 7>\ 8in(2il + i?)-sin^ sinJ? 

25. 8in(il+^) ^— 5 ^^ = -:. 

^ ' 2cosil cosil 

• //> \ • o 2 cos i-^ cos ^ -cos ^ 
2g sm(i8 + y)-sm)8 _ 2 2 2 ^ 

sin (a + y) — sin a « a + y a y * 

^ '^ 2 cos — jr-^ cos ^ — cos ^ 

Z A 2t 

27. sin (il + (7) cos (^-(7)- sin (B-^C) cos (^-C) 

= cos (^ + B) sin (^ ^ i?). 

28. sin*a + sin'j8 + 2sinasin)8cos(a + j8) = sin*(a + /8). 

29. cosec 2^ + cot 4^ + cosec 4^ = cot B. 



V i-< 



30. cotO-tanO " /'-cob4« 



COS 4^' 

31. {sinil + sinj5 + sin(il+^)}« 

A B 
+ {1 +cosil + cos5 + cos(i4 + j5)}*= 16 cos* -=■ cos* "5 . 

^Q . .^ 2tan^-sin2d 

32. tan* 6 = « —r-^ — . -jra . 

2cot^-sm2^ 

33. tan (A + 60*) tan (^ - 60'') + tan il tan (ii + 60') 

+ tan(^-60*)tan^=-3. 

34. cot (A + 60*) cot (A - 60") + cot il cot (^i + 60") 

+ cot(i4-60")cotil = -3 

35. co8(ii + ^)sinj5-cos(^ + C)sin(7 

= sin (-4 + B) cos B - sin (A + C) cos C. 
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36. l+cos2(^-^)cos25 = cos»^ + cos»(^-2^). 

^(rl)-*-(?-D 

37. sin c^ = / fi\ / d\ * 

38. cos*J5-cos*ii=8m(il+^)8m(^-^) 

{1 +oo8(A + B) cos(^ - B)}. 

39. jcot^ + cot(^-^)||taIl^J-^^ + tan(J + ^)^ 



40. cos* -4 + sin* il = 1 - 1 sin* 2-4. 

41. If Ay B and are in A.P., 

sin -4 — sin (7 = 2 sin (il — B) cos A 

.„ sin(il + 30*') + sin(i?-30') JZ B-A , 

42. — ^ 7 ^ ^ * ^ cot —=r— + i. 

cosjI-cos-5 2 2 -^ 

.^ sin 7^- sin 3^ , ^^ 
cos3^-cos7^ 

44. sin(a + j8)sin)8 + cos(y-j8)cos(a+)8 + y) 

= cos (a + y) cos y. 

.. 1 + sin^-cos^ X ^ TT /• jx iKo 

45. -z ; — -x 7; = tan7r. Hence find tan 15 

1 + sm ^ + cos ^ 2 

and tan 22^\ 

46. 4cos(ii + ^ + 45'*)cos(ii + ^-45'')cos(ii-^) 

= cos (il + 35) + cos (3il + J5). 

47. co8M + oo8»(120'' + ^) + cos«(120'*-^) = f. 

48. (cos -4 + sin -4)* + (cos -4- sin il)*= 3 -cos 4-4. 

49. sin -4 + sin 2ii + sin ZA = sin 2-4 (1 + 2 cos -4). 

50. sin ii + 2 sin 3-4 + sin 5-4 = 4 cos* A sin 3-4. 

51. 4 sin 20' . sin 40' . sin 80" = sin 60\ [See Ex. 26, 
page 93.] 
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-rt sin il + sin 2il + sin 3ii ^ ^ . 
62. 5 jr-j s-T = tan 2-4. 

cos ui + cos 2ul + cos Oil 

_-, sin ^ + sin 3^ + sin 5^ ^ «^ 

53. 2 Kz Kn = *»^ 3*' 

cos ^ + cos 3^ + cos 5^ 

64. cos4r-cos6r-cosir + cos25'' = 8inr. 

66. l + tan65' + tan70' = tan65\ian70°. 

68. 4sinll0^sin70^sin40• = sin80• + 28in40^ 

67. cos 40' + cos 80' + cos 160' = 0. 
cos40\ cos 80' + C08 80' . cos 160' 

+ cosl60\cos40'* = -|. 
cos 40"* . cos 80** . cos 160' = - ^. 

68. If the cosines of the angles 

P+ 2 ' 2 ' '^ 2 

are in G. p., so are also the sines of 

i(«+y)-A i(y-«). i(»+y)+)8. 

59. coa{A-2B)-coa{A-B) + oosA-coB{A+B) 

= 4 COS il (cos -5 - COS 36") (cos -5 + cos 72**). 

^^ sin 8-4 . - . _, . _ . 

60. ^r— T — 7 = cos il + cos 3il + cos oA + cos 7 A. 
2 sinil 

61. sinil(cos2il + cos4il+cos6il) = sin3ilcos4il. 

A • 5A 

62. sin il + sin 2il + sin 3ii + sin 4il = 4 cos -jr cos il sin -^ . 

J 2 

63. sin il + sin 3il + sin 5il + sin 7il 

= 4 cos il cos 2il sin 4il. 



CHAPTER IX*. 

The Trigonometrical Ratios of the Sum 
OF Three Angles. 

69. If in the formula 

sin (A +B) = 8111 A cos B + cos A sin B 
we write B+G instead of B, we have 

sin (^ + -6 + (7) = sin ^ cos (^ + C) + cos ii sin (^ + (7) 
= sin A (cos B cos (7— sin B sin C) 

+ cos A (sin B cos G + cos BsiaG) 
hence we have the formula 
&m(A+B+G) = sin A cos B cos (7 + sin j8 cos G cos -4 

+ BiD.GcosA cos^-siuil sin^sinC (1). 

In a similar manner we have 
cos (il + -5 + (7) = cos ^ cos (-5 + (7) - sin il sin (B + G) 
= cos A (cos B cos (7— sin -5 sin G) 

— sin -4 (sin B cos G+ cos 5 sin (7). 
Thus 

cos (il + ^ + C') = cos A cos j8 cos (7— cos A sin -6 sin (7 

— cos i? sin (7 sin -4 — cos (7 sin ui sin 5 (2). 
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The formulae (1) and (2) ^ve the sine and the cosine of 
the sum of three angles in terms of the sinea and cosines of 
the angles. 

The formulae (1) and (2) may also be written 

sin(ui+^ + (7) 

= cos -4 cos i5 cos G (tan A+ tan B + tan (7 - tan A tan B tan C), 

co&{A + B + G) 

= cos-4cos^cos(7 (1— tan-BtanC — tan(7tan-4— tan-itan-S), 

hence since 

X tA T> xYv sin (-4 + ^+(7) 

tanM+^ + (7) = )-, — d— ?y(> 

^ ' cos (^ + -S + (7) ' 

we have the formula 

^^ ■*'^"l-tan^tanC-tanOtan^-taniltan^ 

(3). 

This formula expresses the tangent of the sum of three 
angles in terms of the tangents of those angles. 
Observe that if A + B + G=lSO% 
8m{A + B + C) = 0y 
and therefore 

tan A + tan B + tan G = tan A tan B tan G, 
This result will be proved directly in the sequeL 
Also if 

A + B-¥G = 90°, we have cos (^ + ^ + 0) = 0, 
and then 

1 = tan B tan G + tan G tan A + tan A tan B. 

70. To prove the formulae 

sinaA»38inA~48in3A, 

cos 3A= - 3 cos A + 4 cos' A. 
These results may be obtained by putting B and G each 
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equal to il ia (1) and (2). They are however most easily 

proved independently as follows : 

sin 3A=8iD.A cos 2 A + cos ^ sin 2^ 

= sin ^ (1 — 2 sin' il) + cos ^ . 2 sin ^ cos A 

= sin A —2 sin' il + 2 sin il (1 -sin*il), 

or sinSil = 3 sin il - 4 sin' il (4). 

Also cos 3 A = cos il cos 2^1 — sin ^ sin 2A 

= cos -4 (2 cos* ^ - 1) - sin il . 2 sin il cos il 

= 2 cos' il — cos il - 2 cos -4 (1 — cos* il) 

or cos3il = 4cos'il — S.cosil (5). 

We get from (4) and (5) by division, 

. _ 3 sin il — 4 sin* A _3 sin il (sin*^ + cos^il) -4sin'il 

"" 4 cos'il — 3 cos il "4 cos'il - 3 cosil (sin'il + cos'il)' 

„, 3sinilcos*^-sin'^ 

hence tan 3 A = — r-j — 5 . . , . , 

cos' -d — 3 cos il sin* il 

divide numerator and denominator by cos' il, we get 

. „. 3tanil-tan»il ... 

^^^= l-3tanM (^>- 



r^ 



xr^ EXAMPLES. XIX. 



^ 



1. Prove that sin 3il == sin il (2 cos 2il 4-I ). 

2. Prove that cos 3il = cos il (2 cos 2il - 1). 

3. From these formulae deduce the value of sin Id"" 
and cos 15°. 

4. Find cos 3il when cos il = J. 

5. Find sin 3il when sin il = |^. 
Prove the following results : 

6. sin 3il = 4 sin il sin (60* + il) sin (60* - il). 
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7. COS 3^ = 4 COS il COS (60° +^A) cos (60'' - A). 

_ sin3il sin 35 a • /a m • /d ^\ 

8. — ; — 5 1 — 5- = 4:Sin(A + B) sin (B - A). 

sin il sin -6 ^ ^ ^ ' 

^ sin 3il + sin ui sin 3-4 + sin'il , . 
cos -d — cos 3 A * cos' A - cos 3^ 

^^' ^"^^^= 3cotM-l ' 

11. sin» il + sin» (120'' + il) - sin» (120'' ^A) — f sin 3.1. 
[Sabstitate for sin'^il its value in terms of sin 3A and sin A,] 

12. sin 3 A sin' A + cos 3 A cos' A = cos* 2 A, 

13. 4 cos* ^ sin 3^ + 4 sin' ^ cos 3.1 = 3 sin iA. 

14. sin 3il cos' ^ + cos 3-4 sin' A 

= -^ sin 2A sin (j--^) {3 + 2sin2^}. 

1 V3 

2 2 

^^' STTo'^^SriF"^' 

16. 4 (cos' lO** + sin' 20"*) = 3 (cos IC* + sin 20> 

17. 5 + 3 cos iA = S (cos« A + sin« A). 

18. cos' 261 + 3 cos 2^ = 4 (cos« - sin' $). 

19. cos3 ^il + ^^ + cos (a + '^{1 + 2 sin 2^} = 0. 

20. tan -4 + tan 2^ - tan 3^ + tan ^ tan 2 A tan 3.1 = 0. 

21. tan {B- C) + tan ((7 - .1) + tan (.1 - B) 

= tan (-5 - G) tan {G - .1) tan (.1 - B). 

22. tan m.1 + tan nA + tan rA = tan mil tan nA tan r.1 
if w + w + r = 0. 

H. T. 8 
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71. To find Bin 18% 

The angles 36° and 54° are complementary, and there- 
fore if we write A for an angle of 18°, 

sin 2 A = cos ^A Article 19 ; 

hence 2 sin A cos il = — 3 cos il + 4 cos' -4, 

and omitting the factor cos A^ 

2sinii = -3 + 4cosM, 
putting 1 — sin* A for cos* A, this equation may be written 

4sin«il + 2sinil- 1-0. 
This is a quadratic equation to find sinA 
Solving it we have 

sm A = -7-^^^ • 

4 

Now sin 18° is a positive quantity, we therefore take 

the upper sign, hence 

8inl8'=^ (7). 



cos 18° -VI -sin' 18°= a/ 1 - ^^,g ^^'' 



cosl8° = ^/l«±-2-^^^ (8). 

72. To find sin 3°. 

We have seen already that 

sin 15° = sin (45° - 30°) = ^^^^^^1 , 

cos 15° = COS (45° - 30°) = ^^^^^ . 
Hence 
sin 3° = sin (18° - 15°) = sin 18° cos 15° - cos 18° sin 15°, 

or .inr- <^^^)<^-^^>-^^"^^i^^^(^ ^-^> (9) 

8^2 '"^ '' 
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similarly 

cos 3' = ViO^^V5(^3 + l)-^(^-l)(V3-l) ...(io). 

Now we have 

6** = 36' -30% 9** = 45'-36', 12' = 30''-18% 
2V = 36'' - 15% 24' = 45** - 21% 27*' = SO** - 3% 
33" = 45'' - 1 2% 39° = 45° - 6% 42° = 45° - 3°, 

hence we can calculate the sines and cosines of the angles 
3°, 6°, 9° up to 45°; 

we need not proceed further since the sine or cosine of an 
angle greater than 45° is the cosine or sine of its comple- 
ment, which is less than 45°. 

V -D ,, , . TT . 2-^ . 37r . 4-^ - 

jSx. Prove that sin ^ . sm -^r- sin -=- sin -=- = A-. 
5 5 5 5 *** 

73. To express as a product ; 

_(I) sinA+8inB+sinC-sin(A4-B+0). 

(11) C08^A+C08^B + C08^0-2C08AC08BC080-1. 

I. By Article 56, 

sm A + sin 5=2 sin — ^r — cos — ^ — , 

sm(A + B + C) — amU = 2 cos ^ sm — ^ — , 

hence subtracting 

sin il + sin -B + sin (7 - sin (il + 5 + (7) 



^ . A^B ( A-B A + B+2C 
! 2 sm — ^ — -[cos — ^ cos 



, . A + B . A + C . B + C 
= 4 sm — 5 — sm —= — sm —^ — 
J J J 

, . A + B . B + G . G + A ^ ,,,, 

=.4sm— g- sm-g- s^^" 2~ (^^)- 

8—2 
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II. We have 

cos* -4 + cos* J?- 1 = cos (il + J?) cos (il - j5) 

Article 63, 
aaid 2 cos il cos j5 cos C = cos C {cos (A ■{■ £) + co8 {A ^ £)}, 
hence 

cos* A + cos*-ff — 1 — 2cos^cosjBcosC + cos* G 
= cos (^ + ^) cos (A-B)- cos G {cos {A + B) 

+ cos(il-iB)} + cos*(7 
= {- cos {A-^ B) + cos G) {- cos (il - j5) + cos 0}. 

Each of the quantities in brackets can be put in factors, 
thus 

n /A n\ o ' A+B + G . A + B-G 
cos (7 - cos (-4 + -B) = 2 sin ^ sin ^ 1 

n /J m o • ^-B + G . A^B-G 
cos t7 — cos (-4 - ^) = 2 sin ^ sin ^ » 

from which it follows that 

cos* A + cos* B + cos* C - 2 cos ^ cos -B cos (7 - 1 

, . A+B + C . A+B-G . A^B + G . -A+B + G 
=_4sin ^ sin ^ ™ 2 ^^"^ 2 

(12). 

Observe that if il + ^ + C = 180* we have from I. that 

8mil + sinj5 + smC7=4:sm— ^ — sin — ^ sin -^ 

= 4 cos -g cos ^ cos 2 (13), 



^90*-J) = cos^,&c. 



. A-i-B . 
since sin — ^ — = ^"^ 

From II. we have that iiA + B + G = 360", 
cos* A + cos* B + cos* C - 2 cos il cos -B cos C - 1 = . . .(14). 
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74. Relations which hold when A+B+0=180% 

By using the rules of Article 56, we can often factorize 
expressions involving trigonometrical ratios of -4, B and C, 
in the case where A + B-\- C — 180**. A few such cases are 
added. In all of them we suppose A + B + G = 180**. 

(i) tan A + tan B + tan G = tan A tan B tan G. 
By Article 58, since 

tan {A+B)=: tan (180' - (7) = - tan (7, 

^ tan A + tan B 

tan G = — -= J n 

1 — tan A tan B 

or tan(7(l-tan-4tan-ff) + tanii + tan^ = 0. 

/••X ' A ' 1> ' n A ^ ^ ^ 

(u) 8%n A + 8in B + stn G = ^ cos -^ cos -^ cos ^, 
Sin il + Sin ^ = 2 Sin — ^ — <50s — = — , 

A _t TO A J- H 

sin(7=sin(180**-ii-5) = sin(il+^ = 2sin— H- cos -g— , 

. . Sin il + sin^ + sm C7 = 2 Sin — ^ -^cos — ^ + cos — ^ j- 

= 2 cos ^ . 2 cos -jr cos — 
A A B G 

= 4 cos ^ cos -^ cos ^r . 
J J J 

(iii) wn, 2 A + wn 2B + «iw 2(7 = 4 wn A sin B sin G. 
By the method of last example 

sin2il + sin 2^ = 2 sin (A +B) cos (A-B), 
sin 2(7 = sin (360' - 2^ - 2J?) = - sin (2 A + 2B) 

= -2 sin {A + B) cos (A + ^), 
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/. sin 2i4 + sin 2-5 + sin 2(7 

= 2 Bin(i4 +^) {cos (A -J?) -cos {A+B)] 
= 2 sin 6\ 2 sin A sin £ 

= 4 sin ^ sin ^ sin G, 

ABC 
(iv) co8A + co8B-{-co8C—\=^sin-^8in-^sin-^, 

We have 

. „ ^ A+B A-B _ . G A-B 

coBil + cos^=2cos — - — COS — jr— = 2 sin - cos — = — , 

Q 

coaG-l =-2sin"^, 
. . COS il + COS ^ + COS (7 - 1 = 2 sin -^ -^ COS — ^ ^"^ "9 i 

^ . G i A^B A + B] 

= 2sin^|cos-^ ^^^"T"/ 



= 4:sm-sin2 sm^. 

ABC 
(v) co« -4 - co« 5 + cos (7 + 1 = 4 co« -^ wn -^ cos -^ . 

cos A — COS ^ = 2 sin — ^— sin — jr — = 2 cos -jr sin — ^ — , 

Q 

COS C + 1 = 2 cos* ^ , 

.'. cos 4 - cos -5 + cos (7 + 1 = 2 cos ^ jsin — ^ — + cos -^ V 

G ( . B^A . B+A) 
= 2cos^|sin-^ + 8m^2-| 

, G . B A 
= 4 cos ^ sm — cos ^r . 
Z Z Z 
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EXAMPLES. XX. 

Prove the following, where A -^3 + = 180\ 

1. sin4il + sm4^ + sin4(7 = -4sm2il sin 2-5 sin 2(7. 

2. sin 3il + sin 3-ff + sin 3(7 = — 4 COS -^ cos -^ cos -jr- . 

J J J 

3. cos 2ii + cos 2 J? + cos 2 (7 + 1 = - 4 cos il cos B cos C, 
4k cos 2ii + cos 2^ + sin 2(7 

= 4 cos (7 cos ( J + il j sin ( -ff — - j . 

5. cos 2A - cos 2^ + sin 2(7 

= -4sin(7sin f j + ^ jcos (j + Bj. 

6. sinil + sinJ? + cos(7+l 

. G /ir A\ /w B\ 

= 4cos^cos(j-2)^^«U"2)- 

7. sin il — sin -5 + cos (7 — 1 

. . C . /w A\ /'^ B\ 
= -4sm^sin(^j.2J^U"2;- 

8. sin (il - 60") + sin (5 - 60'') + sin (C - 60°) 

= -48in(^-30'') sin (|-30'*) sin(^-30'*V 

9. sin(il+25-(7) + sin(2^-^+(7) + sin(-il + ^ + 2C) 

= 4cos(il-.^)co8((7-2)cos(^-^). 

10. sin (y - ») + sin (« - a;) + sin (a? — y) 

+ 4 sin ^-jr— sin —55— sin —~^ = 0. 
J J J 

11. cos (y — «) + cos (« — a;) + cos (a; - y) + 1 

. y — « « — a? aj — y 

= 4 cos ^-^r- cos — jr- cos —^ , 

/t Z 1 
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12. 4 sin a sin p sin y 

= sin()8 + y-a) + 8in(y + a-/8)+sm(a + j8-y)-sin(a+/8+y). 

13. 4 cos a cos )8 sin y 

= sin(a+j8+y)+sin(j8+y-a) + sin (y + a - j8) - sin (a + j8-y). 

14. 4 cos a cos )8 cos y 

=cos(j8+y-a)+cos(y +a-j8) + COS (a + /8 - y) + cos (a + j8 + y). 

15. 4 sin a sin j3 cosy 

=cos(j8+y-a) + cos(y+a-j8) - cos (a + j8 - y) - cos (a + j8 + y). 

16. sin A (co3 -6 + cos (7) + sin J? (cos C + cosA) 

+ sin C (cos -4 + cos -B) = sin ii + sin -5 + sin C. 

117 J. M am A ,^ sinC 



18. 



sin^sinC' sin^sin^* 

sin A-smB cos C sin B-siiiA cos 



cosB cos A 

19. sin« il sin 2C + sin" (7 sin 2 A 

=» sin" ^ sin 2ii 4- sin" A sin 2B. 

20. sinilsin-B + cos'Til + ^Wcos* — . 

21. sin Aav[i{A+ 2(7) + sin B sin (B + 2A) 

+ sinCsin(a+2jB) = 0. 

22. If cos -4 = cos jB cos G, then cot BcotC=^, 

23. If sin ^ = cos B cos (7, then tan B + tan (7=1. 

24. cot -^ + cot ^r + cot ^ = cot -j; cot ^ cot ^ . 

^ J J J J J 

^ ^ (7 ^ ^-ui ^-5 7r-(7 

25. cos TT + cos — + cos TT = 4 cos — -j— cos — r- cos —. — . 

2 2 2 4 4 4 

26. sin 4 sin ^ + sin -B sin (7 + sin (7 sin 4 



-{ 



B-G G-A A-'B . A . B . 
cos — jr— cos — 75 — COS — ^r— + sin — sin -^ sm 

J J iO J iO 
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27. COS il COS -ff + COS -ff COS 6^ + COS (7 COS ui + 1 

^ f B-G G-A A-B , A . B . G) 
= 2|cos-2-cos^-cos-^ «^'^2^''2''^2r 

28. cos'a: + cos*y + co8'« + 2cosa;cosycos«-l 

. x+y+z y+z-x z+x-y x+y-z 
= 4 cos — I — cos - — ^ — cos X— ^ cos 1 — . 

29. sin»i4 + sm»^ + sm»(7 

A B G ZA 3B 3G 

« 3 cos 7; cos 77- cos ^ + cos -77- cos -jr- COS -77- . 
Ii 2i 2t 2i It it 

30. COS 3-4 sin (5 -(7) + cos 35 sin (C-ii) 

+ COS 3(7 sin (-4 - J?) = - 4 sin (5 - C) sin (C^ il) sin (il - 5). 
[We have 
2cos3ilsin(i?-C) = sin(J?-C7 + 34)-sin(3il-5 + (7) 
= sin (ir + 2i4 - 2C)-8in(^+ 2^ - 25) 
= sin (2(7 - 24) + sin (2^1 - 25), 
similar expressions being found for the other two terms. 

Thus 
2cos3^ sin(5- (7) + 2cos 35sin((7- ^) + 2cos3(7ftin(^ -5) 
= 2 {sin (24 - 25) + sin (25 - 2(7) + sin (2(7 - 2^)} 
= -8sin(5-(7)sin((7-il)sin(^-5), by Ex. 10.] 

31. sin (5 - (7) cos» A + sin ((7- il) cos'* 5 

+ sin(^-5)co8»(7=-sin(5-(7)sin((7-ii)sin(4-5). 
[Substitute for cos' A in terms of cos ZA and cos il.] 

32. sina;sin(y-2j)8in(y + 2J-a;) 

-l-siny sin (« — a;) sin (« + a; - y) + sins; sin (aj — y) sin (a? + y- «) 
= 2 sin (y - «) sin (« - x) sin (a? — y). 
[Using the results of Ex. 12, we have 
sin a; sin (y - 2j) sin (y + « - aj) 

= \ {sin 2 (y - a;) + sin 2« + sin 2 (a; — «) - sin 2y }, 



122 TRIGONOMETRY. 

sin y sin (« - 05) sin (« + oj - y) 

= ^ {sin 2 (« - y) + sin 2aj + sin 2 (y - as) - sin 22?}, 
sin z sin {x - y) sin (pc + y-z) 

= \ {sin 2 (a; - 2j) + sin 2y + sin 2 (» - y) - sin 2o?}. 
Adding 

sin oj sin (y — «) sin (y + z - a) + 

= I {sin 2 (y - a;) + sin 2 (2 — y) + sin 2 (05 - z)} 
= 2 sin (y - «) sin (« — «) sin {x - y), by Ex. 10.] 

33. cos 05 sin (y - «) cos (y + « - x) 

+ cos y sin (« - 05) cos (« + as — y ) + cos 2 sin {x — y) cos (a? + y — 2) 
= 2 sin (y - z) sin (2 - a?) sin {x - y). 

34. sinysin»sin(y-«) + sin«8inaJsin(2 — aj) 

+ sin a5 sin y sin (a; — y) = - sin (y — «) sin (« - x) sin (a; - y). 

35. cos y cos « sin (y - «) + cos » cos a; sin (a - x) 

+ cos X cos y sin (a? — y) =» — sin (y — 2) sin (« — x) sin (a; - y). 

36. If sin»^ = sin(a-tf)sin(j8-^)sin(y-^), where 

a + jS + y = w, 
then cot^ = cota + cotj8 + coty. 

37. sinM + sin*5 + sin<C7 

= ^ {3 + 4 cos il cos -S cos (7 + cos 2il cos 2-5 cos 2C}. 

38. cos*il + cos*5 + cos*C 

= J {1 - 4 cos ii cos ^ cos (7 + cos 2-4 cos 2B cos W\. 

39. If tan -r tan -J- tan -3- = 1, ii + ^ + (7 = 7r, 

4 4 4: 

then 

tan -T- + tan -;- + tan -j- = cot -j- + cot -5— + cot -r- . 
4 4 4 4 4 4 
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TT 



40. If a + j8 + y=2 

(l-tan^)fl-tanDfl-tanl) . . ^ . , 

\ 2/ \ 2/ \ 2/ sing-f smjg + siny-l 

/i X <*\ /i X A /i X y\ cos a + cos /J + cos y 
(^l+taa2J(^l + tan|j(^l+tan|j '^ ^ 

41. Show that any formula which is true when 

ir-A 
will also hold when for A, B, G are substituted (1) — ^— , 

?^, '^j or (2) ^-2A, »-2J, ir-2(7; or (3) 24 -|. 

25-^. 20-1 



^' CHAPTER X* 



The Trigonometrical Ratios of Submultiple 
Angles. 

75. HaYing given cos B bnt not By cos » lias two values. 
We have seen in Article 55 that cos 2A = 2 cos* -4 — 1 ; 
writing — for A we have 

^0 1 + cos ^ 

cos' ^ = ;r , 



from which it follows that cos ^ either equals + a/ ^ — , 

, /I + cos 
or equals- y^ ^ • 

To know which sign to take, requires a knowledge of 
as well as cos $. If ^ be known, we know of what quadrant 

cos ^ is, and therefore its sign, and hence the sign to be 

prefixed to the radical. 

The reason for the ambiguity which occurs when cos 
but not B is known, will be seen from the following 
considerations : 
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Suppose we are given that cos ^ = a, a known quantity, 
also let a be the smallest angle whose cosine is a ; 
then we saw in Article 43 that 

d = 2n^dba, 
where n may be any integer. 

Thus to have cos equal to a given number, implies that 
$ is any one of a set of angles infinite in number. 

Also, 

/ a\ a . . a 

cos ^ = cos ( w^* o ) = cos TMT cos ^ ± sin 7*7r sin ^ , 

but sin nw = 0, 

and cos rnr^^l, according as n is even or odd, 

hence cos „ = »^ cos ^ . 

In like manner since 

^^2= — 2— ' 






And we cannot say which sign should be taken unless is 
known as well as cos 6, 

Since tan - is obtained by dividing sin ^ by cos ^, we 

have tan -zr- 4 a /i -?,\ as in the case of the formulae 


for cos jry sin ^, we must know the value of ^ as well as 


of cos Oy in order that tan ^ may be determined without 

ambiguity. 

It should be noticed that tan - is given without am- 
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biguity when both sin and cos $ are given, by means of 
either of the formulae 

^ &m$ ^ l-co&O 



2 1 + cos^' 2 sin^ * 

75 A* The ambiguity of sign in the formulae of the 
last article may be illustrated geometrically. 




Tf AOF=0, and AOP^=-B, the two sets of angles 

(OAj OP)y {OA, OPi) are the only ones which have the 

same cosine as ^; if QOq, Q'Oq" be the bisectors of the 

angles AOFy AOP^ respectively, the bisector of any of the 

angles (0^, OP) is OQ or Oq, and of the angles {OA, OP^) 

is OQ' or Oq\ 

6 
Thus when cos^ is given, the formulae for sin -^, cos-^, 

tan jr will give the sine, cosine and tangent of all the four 

sets of angles {OA, OQ), (OA, Oq), (OA, OQf), (OA, Of). 
Now the sines of the angles {OA, OQ), (OA, Of) are 

. e 

sm- 
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and the sines of the angles (OA^ Oq\ {OA, OQ') are 

. 

again the cosines of {OA^ OQ), (0-4, OQ') are cos ^ 
and of (OA, Oq\ (OA, Oq') are — cos ^ . 

Q 

Lastly the tangents of (0-4, OQ), {OA, Oq) are tan ^ 

and of {OA, OQ'), (OA, Oq') are -tan |. 



Ex. When ^=184°, find sin ^ and cos ^ , having given 

cos 184" = --9975641. 
Here -= - 92* and is therefore of the second quadrant, 
hence its sine is positive, its cosine negative. 

Thus cos92« = -yi±^' = -/ 



0024359 



. ^.^o /I -cos 184" /I 

sin92 = + ^ ^ = + y^- 



9975641 



2 

76. When sin A is given, sin » maybe anyone of fonr 
qnantities. 

We have 

/ A . A\^ . ^ . A A ^ . - 
(cos 2" + sm ^ j = 1 + 2 sm-^ cos -5^ = 1 + sin A, 

/ A , AV . ^ , A 4 _ . ^ 
(cos — - sin — j = 1 - 2 sm — cos ^ = 1 - sm 4. 
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Extracting the square root 



cos ■^ + aia — =^Jl +smii (1), 



A . A 



eo^-s--sin^ = A^l-8in^ (2). 



In each equation the radical may have either sign, this 
gives 4 cases, according as we take the signs of (1) and (2) 
to be 

+ +, +-, — , - + . 

Take the first case of + +, here (1) and (2) are, 
A 



cos ^ + sin - = + ^l + sin A, cos ^ - sin -^ = + ^1 - sin A, 



whence by addition we get 



2 cos ^r = + ^1 + sin A + Jl - sin A^ 
and by subtraction 

2 sin ^ = y 1 + sin il - ^1 — sin A, 
The other three cases give three other values for cos -^ , 

and for sin -^ . 

Thus when sin A is known, hut A not knowriy there are 

A A 

4 values which sin -^ may have, and 4 values which cos -^ 

may have, 

77. When A is known, as well as sin^l, we can find 
what signs must be taken as follows : 

^ J\ ■{- sin-4 = cos -^ + sin ^, from (1), 



also 
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fj2&m(-^ + 45' j = cos -^ + sin -^ , by Article 54, 
.'. J2 sin (-^ + 45-^ = + ^l+sin^l, 

tfc ^1 - sin -4 = cos -^ — sin -^ , from (2), 
J2 cos (-^+ 45' j = cos ^ — sin ^ , by Article 54, 

/, J2 cos (^ + 45'^ = + ^1-sinil, 

so that the radicals are ^2 times the sine and cosine of 
^ + 45-. 

Now if ii be known, we know of what quadrant -5- + 45* 

is ; and therefore the signs of its sine and cosine, and hence 
the sign to be prefixed to each radical 

Fx. If -4 = 170°, find the sign of each radical ^nd the 
value of sin ^, having given sin 170' = -1736482. 

Here ^ + 45' = 85' + 45' = 130', is of the second quad- 

rant, and therefore its sine is +, its cosine -, 

thus we take + - as the signs, or (1) and (2) are in this 

case, 

cos 85' + sin 86' = + ^1 + sin 170' = + ^1 -1736482, 

cos 85' - sin 85' = -^1- sin 170' = -^-8263518, 
and subtracting 



2 sin 85' = ^1 + sin 170' + ^1 - sin 170' = 1 9923 nearly. 
H. T. 9 



130 



TRIGONOMETRY. 



*77 A. The ambiguities of sign in the formulae of 
Article 76 may be illustrated geometrically. 




Let POA = A, P-fiA = 7r — A, then the angles which 

have the same sine as A are the two sets of angles (OA, 

OP), (OA, OP^); hence if QOq, QVq'he the bisectors of the 

angles AOP, AOP^, the four sets of angles {OA, 0Q\ 

(OA, Oq)y (OA, OQ'), (OA, Oq') will be the angles whose 

sine and cosine are given by the formulae which express 

.A A . , ., , 

sm ^, cos ^ , when sin A is given. 

We see that, since $'0J5 = ^and Q'OA =l{ir-A\ the 

sines of these four «ets of angles are 

AAA A 

sin-, -sin g, cos 2 , -cos-, 

and their cosines are 

A A . A .A 

cos g, -cos 2 , sm^,-sin-2; 

A A 

these are therefore the four values of sin -^ and of cos jr 

given by the two formulae. 
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A 

78. When tan A is given, tan -^ lias one of two values. 
In Article 55, it was shown that 

A 

2tan^ 
tan A = . 

A A 

or tan' ~ . tan A + 2 tan ~ - tan ^ = 0. 

If tanii be given, this is a quadratic equation to find 

tan^ . Solving this equation it is found that 
2 

A -l^^l+tanM 

2 ' tan -4 



EXAMPLES. TCTCl 

1. Determine the signs to be taken in the formulae 



A 

cos^ 



/l + COS -4 , A /l - cos -4 



when A equals 

(i) 80^ (ii) 100\ (iii) 390^ (iv) 1000\ 
2. Determine the signs to be taken in the formula 

2 cos -s = * s/l + sin ^ ± ^1 -- sin A^ 
when A equals 
(i) 100^ (ii) 260% (iii) 450% (iv) 1890% 

9—2 
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3. Determine the proper sign in 



^ A -lJ=is/l+tanM 

**^2 = — tes:3 — ' 

when A equals 

(i) 10\ (ii) 200^ (iii) 300^ (iv) 8000'. 

4. Show that the positive sign is to be taken in (1), 
when A lies between - 90* and 270'. 

5. Show that the positive sign is to be taken in (2), 
when A lies between - 270' and 90'. 

6. Having given sin 220' = - -6427876, 

show that sin 1 10° = -9396, cos 1 10° = - -3420 nearly. 



d 





^'Ci^^i^i^ 



t ii^-<** u 



CHAPTER XL 
Relations between the Trigonometrical Ratios 

AND THE circular MEASURE OF AN ANGLE. 



79. To show that when ^< o> sin d< d<tanf 

If d is the circular measure of an angle less than -^ , 

we shall show that sin $ is less than $y and is less than 
tan^. 




A Q 



Let AOP be the angle 0, with as centre and OA as 
radius, describe a circle cutting OP in F, Draw FN 
perpendicular to Oii/and FQ perpendicular to OF. Join 
AF. 

Then the a OAF, the sector OAF, and the a OQF are 
seen to be in ascending order of magnitude. Also 
area of aOAF^^OA .Fli^^OA^aiaO, 
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since PN=^ OP sin e = OA sin 0. 

Area of sector OAP = ^OA^ . 0, by Article 13. 
Area of AO©P=iOP.P0 = iOP. OPtan^ = iOii« .tan^, 
hence 

^OA^miO is <\OA^,e, which is itself <iOil'»tand, 
or omitting \0A\ 

sind is <$y which is itself < tan ft 

80. When 6 is indefinitely small, 
sin^ - tan^ , 
~T^^' 6 "•■^• 

From the inequality just proved, dividing throughout 
by sin^, we get 

1<— <— . 

sin cos * 

Q 

Hence — — j, lies between unity and sec $, 
sin^ "^ 

But when $ becomes indefinitely small, seed becomes 
equal to unity, hence also must -. — ^ become equal to unity. 

Again 7 — ^ = -V— ^ . cos 6. 

° tand Bind 

Q 

If d is indefinitely small -; — ^ = 1, and cos d = 1, 


/. 7 — ^= 1, if d is indefinitely smalL 

Thus if d is a very small angle we may write in place 
of both sin and tan B without appreciable error. 

Notice that is circular measure. If there are n 
seconds in the angle whose circular measure is 0, we have 

Q 

n = - X 180 X 60 X 60, Article 11, 

IT 
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and since sin n" = sin 6^ 

sin n" sin $ 



n 180 X 60 X 60 

,, TT . sin^ - 

°' Bmn ^^^^ 180x60x60 ' ««««-^ = li 
and similarly 

tajxn" ="71 X 



180x60x60 

^ 81^. Limits for Bind and cos d. 

If $ is the circular measure of an angle less than ^ 
we shall now show that 

sin Hes between $ and ^ - -« , 



cos d lies between 1 — o and 1 — — + ^rj • 



By Article 70, 





3 sin ^ - sin d = 4 sin' ^ , 

3sin^-sin- = 4sm»gr,, 



;smg;i-smg^, = 4sm»g;j. 



Multiply these equations by 1, 3, 3*,...3**~^ respectively 
and add, we have, since all the terms but two on the left 
side go out, 

3* sin ~ - sin 

= 4 {sin» 1 + 3sin»|, + 3«sin» ^,+ . . . + 3«-^ sin» ij 
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But we saw, in Article 79, that sin a is < a, henoe 

Therefore 

n 
3* sin 5^ — sin ^ 

„, . ^ . , . 4^ f, 1 1 1 ) 

,11 1 ^ " w) 

and 1 +35+34+ •••+35rrj = — ^— • 



-©■ 



thus, 3** sin 5- — sin ^ is <-s5^ . ^V 

*^ 1 — _. 
3« 

Now let n be taken to be indefinitely great, we may 

B /\ \^ 

then write ^ for sin^^, and for 3*8in^, also l-^A 

becomes infinitely small, 

hence tf— sin^ is < ^5- —7- or <— . 

o** _ 1 o 

A -32 

Thus 

^ — sin ^ is < -^ , that is to say, sin ^ is > ^ - ^ . 

But we saw that sin 6^ is < ^, hence 

sin $ lies between and 0--^ , 
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Again 



cos ^ = 1 - 2 sin* ^ , and sin - is < jr , 



COS ^ > 1 - 2 



©* 



or>l-^. 



Also since 



. (9 . 



sin TT IS > 7^ 



cos ^ < 1 - 2 



2 "6"' 



or 



^^-2 + 245 



hence cos B lies between 






82^. Enler's Product. 
Since 



sin ^ = 2 sm jT cos - , 



Ml 2 = 2sin2-,cos2-,, 
sm25 = 2sm^,cos25, 



siii2^i = 2sin2^cos2;;. 



By equating the product of all the terms on the left to 
the product of all the terms on the right, we obtain 



e . e 



e 



sin d. sin ^ sin -2 sin ^szi 



6 9 
= 2" sin 2 sin 2, . 



6 







sm^srasm^scosg. 





•cos 25 
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or sin ^ = 2** sm TT- cos TT cos jr^ cos-—. 

2" 2 2* 2** 

Now increase n indefinitely, then 



2- sin 1 = 0, 



and we have 



sin^ $ X • i= x 

^ = cos ^ cos — cos ^ to infinity 

which is known as Euler's product. 

83*. As increases from to ^ , —^— continually dimi- 

nisheSf and —^ — contvnually increases. 

For B-\-h being > $ and < ^ , 

we shall show that, 

sin $ sin {$ + h) 

that is (0 + ^) sin ^ > ^ (sin $ cos h + cos sin ^) 

or sin ^ (^ + ^ — ^ cos h)>9 cos ^ sin A, 

^, , . tan^ sin A 

that IS — 7 — > 



e h-^ 0(1- COS h)' 

Now we know that 

tan - sin A 

> 1 > — =— , 

u h ' 

J sin A . sin A 

and — ^ — IS > 



h h + e{l-cosh)' 

since 1 — cos h is positive, hence 

tan ^ . X xi_ sin h 

—^ is greater than , ^ .- ^. , 

if A + ^ (1 - cos A) ' 
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hence the inequality is proved : thus —^- diminishes from 

2 TT 

1 to - , as ^ increases from to ^ . 

Next we shall show that 

tan {0 + K) tang 



or gtan(g + A)>g + Atang, 

or that 

g sin (g + A) cos g > (g + A) sin g cos (^ + A), 
or 

B {sin {B + A) cos g - sin ^ cos [B + A)} > A sin g cos (B + A), 

that is g sin A > A sin g cos (^ + A), 

sin A sing ,^ ,. 
or —J— > —g- cos {B + A). 

We may suppose A is < g, hence by the first part 
sin A sin B 

, sin A. . ., sing ,^ .. 

hence — y— is greater than —^ cos {0 + A), 

since cos (g + A) < 1. 



EXAMPLES. XX TT , 

1. Show that the limits of — r— and . ^^ , are a and 

g sm qB ' 

- , g being indefinitely small. 

2. Find the value of m sin — when m becomes indefi- 

m 

nitely great. 
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3. In an isosceles triangle whose sides are a, a, 
ax 1-022, show that the base angles are 59" 16' nearly. 

4. From the top of a hill the depressions of two 
consecutive milestones are observed to be 3° and 5' 
respectively. Find the height of the hill. 

5. A church whose distance is known subtends an 
angle of 10' at the eye, find its height approximately. 

6. A man advancing on a level plane towards a 
vertical tower observes that at a certain point it subtends 
an angle of 2°, and after proceeding 1800 yards, in the 
same direction, an angle of 6**. Find approximately the 
height of the tower. 

7. Each of two vertical rods on the Earth's surface 
is 10*56 feet high and ceases to be visible from the other 
when 8 miles distant. Show that the Earth's radius is 
4000 miles nearly. 

8. Show that the sine and cosine of an angle of n" are 
approximately 

648000' Helsoooy * 

9. Prove geometrically that tan ^ is > 2 tan ^ . 

[See figure of Article 40.] 

10. Prove that the value of the infinite product 

* »*-l JQ lf-1 X W 1 --^ 

tantf* 



(l-tan'l) (l-tan»|) (l-tan»|) is . 



11. Show that when 6 is very small, the value of 

11. , , 

g^-^ IS nearly ^ 



/ 



CHAPTER XIL 



Relations between the Sides and Angles of a 
Trungle. 



84. It has been already stated, in Chapter iv., that 
the angles of a triangle ABC are denoted hj A, B and C \ 
and the sides opposite to these angles by a, h and c. 

The properties of triangles proved in the present 
chapter give the means by which a triangle can be solved, 
if three parts of it are given, one at least of those parts 
being a side. 

85. The sides are proportional to the sines of the 
opposite angles. 





In each figure AD \& perpendicular to -5(7, and 

. .^^ AD . .^_ AD 
amABC= -T^, BmACB= j^, 
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(in the second figure .sin AGJB = sin AGD since these angles 
are supplementary, Art. 44), hence AD is equal both to 
AB sin ABC and to ^(7 sin ACB^ therefore 
AB sin ABC --ACainACB, 
that is c sin ^ = 5 sin C, 

c ^ b 
sin (7 sin ^ * 

Similarly by drawing a perpendicular from B we see 
that 



or 



thus 



sin C sin -4 ' 
a b 



sin A sin B sin (7 
When C is a right angle we have 

- = sin-4 and - = sini? 
c 



•(I). //y 



Chap. IV. 



This agrees with (i) when sin C is therein put equal to 
unity. The formulae (i) are hence true in all cases. 
The student should draw the figure for the last case. 

^ 86. To prove 

a=bco80+ccosB. 




= AB cos B + AC cos G 
= c cos B + b cos (7. 
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Infig. ii. a^BD-GD 

= A£ COS B- AC cos ACB 
and cos A CD = - cos G, since these angles are supplementary, 
therefore a = c cos B + b cos G, 

By drawing perpendiculars from B and G two other 
similar results are obtained, we thus have 
a = b cos G + c cos B\ 

b = c cos A +acos C[ (ii). f-2Ly 

c = a cos B + b cos A J 

Ex. 1. The equations (ii) can be obtained from (i) as 
follows : 

sin (^ + (7) = sin (180"-^) = sin ^ Art. 44. 

.'. sin B cos G + sin G cos B = sin A, 

Now let the value of each fraction in (i) be called Z>, 
thus 

a — I) sin Ay b = B sin B, c = D sin C, 

then the equation becomes 

b ^ e « a 
•gCos(7 + -gCOS^ = ^, 

or 6 COS G + c cos B = a, 

Ex. 2. Show that 

6' + c' — a' = 26c cos A. 
Multiply the equations in (ii) by -a, 6, and c respec- 
tively and add, we get 

ft2 + c«-a«=26ccosX 
This result will be proved independently. 

Ex. 3. Prove that 

sin {B-G) = — ,— sin A. 
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Replace a, h and c by their values as in Ex. 1, we have 

then to show that 

. ,„ ^. sin* ^- sin' (7 . . 
sm(5-C7)= g-s^j sm^ 

since D^ divides out. Now we have 

sin'^--sin'C7 _ (sini?~sin(7)(sini? + sih(7) 
sin* A "" sin ii . sin (5 + G) 

B-\-C . B^C . B + C B^C 
4 cos — ^ sm — ^— . sin — ^ — <50S — ^ — 

"" sin il . sin (^ + C7) 

. 5-C J?-C7 
3 sm — TT— cos — TT— . , J, ,n^ 
2 2 _ sin (5 - (7) 

~ sin il ~ sin -4 * 

sin*J?-sin*(7 . . • /d •vv 

r-s—j sin^ = sm(5-C7). 

sin'-4 ^ ' 

Observe that in expressions involving only the ratios of 
a, b and c, we may replace them by sin ^, sin ^ and sin G 
respectively. 

EXAMPLES. ZXm. 

1. The angles of a triangle are 30^ 60°, 90" ; the least 
side is 1 inch, show from (i) that the other sides are ^3 
inches and 2 inches respectively. 

2. If a= ^^~^^ , h = -^, c=^ show that the 

angles are 15^ 45^ 120°. 

Prove the following results 

« a 6 + c h-e 



sin A sin 5 + sin G sin ^ - sin G ' 
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sin' A + sin* B + sin' 



G Vsin^/ • 



6. a^ = (sin^)^./ . , V 



26 -3c 



{sin^-3sin(7' 

6. If a« = 6c show that 

cos (-5 - C) = 1 - cos ii - cos 2^. 

7. By putting sin (^ + (7) for sin A in Ex. 3, show that 

(x> h-^c a b — c 

sin- cos— 2— cos-^ sin— ^ 

8. Prove that 

b sin B- c sin (7 = a sin (i? - (7). 
Verify the following 
a—c coaB sin B 



9. 



6-ccosii sin -4 



10 - - - - /^^^^ ^ ^^'^ '^^ 
6 a~ \ 6 a / 

11. ^ J = cos C7 { _ ) . 

cos J? cos^ \cos^ cos A J 

12. If a = 2c, 6 = 3c, show that cos J5 = - 1. 

13. In any triangle 

(a + 6) cos (7 + c (cos A + cos -5) is > a cos ^ + 6 cos A. 

14. acos{B^C) + b cos (C - ^) + c cos (^ -B) 

+ aQOsA + bcoaB + ccoaO=6a sin B sin (7. 

15. 2 (a cos ii - 6 cos ^) sin 0= c (sin 2A - sin 2J?). 

16. c(sinM + 8in^J?) = sin(7(asin-4 +6sin^). 

17. a cos -4 + 6 cos-5 + c cos C7= 2asin J5 sin C. 

H. T. 10 
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18. a&ecA + b sec B + c sec C =-a sec A tan B tan G. 

ABC 

19. 4 (a sin ^ + 6 sin -5 + c sin (7) cos — cos ^ cos ^ 

= (a + 6 + c) (sinM + sin^^ + sin»C). 

87. To prove that 

ca=aHb2-2abcosa 

A 





If AB be perpendicular to BG, we have when C is an 
acute angle (fig. 1) 

AB^==AG* + BC^'2BG.GD, Eua ii. 13. 
and when G is obtuse (fig. 2) 

^^ = ^(7« + ^(7« + 25(7 . GD, Euc. ii. 12. 
In the first case 

GD = AG cos G, 
and in the second case, 

(7i> =^(7 cos (180" -0) = --4(7 cos (7, 
therefore in either case 

€^ = a^ + l^-2abcoBG. 

By drawing perpendiculars from B and (7 we obtain two 
similar results, therefore 

a* = 6* + c2-2^>ccos^] 

b^ = i^ + a^-2accosB> ("0- 

c^ = a«+6^-2a6cos6M 
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We may also write the equations as follows : 
cos A = — jTT , (fee. 



EXAMPLES. XXIV. 

1. Given that a = 4, 6 = 5, c = 6, show that cos -4 = f . 

2. If ^ =^0% 6 = 8, c = 5, prove that a = 7. 

3. If the sides are as 2 : 3 : 4, show that 

cos ^ : cos -ff : cos C = ^ : ^ : - 1. 

4. If — T— = the triangle is isosceles, or right 

angled. 

5. If the sum of the squares of any two sides of a 
triangle is greater than the square of the third side, the 
triangle is acute angled. 

- cos -4 cosjB cosG a' + 6^ + 0* 

6. + — r- + = — oT • 

a b 2aoc 

7. — cos -4 + T cos -ff + — cos (7 = — jr-^ — . 
a o c Zaoc 

8. By taking the vertical angle of an isosceles triangle 
as 2Ay prove by (iii) that cos 2-4 = 1 — 2 sin^ A, 

9. The sides of a triangle are m, w, Jm^ + mn + n\ 
show that the greatest angle is 120"*. 

^ 88. To show that 

gi^A^ / (s-b)(8-c) A^ / IW^) 

10—2 



■i^ 
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It is usual to denote the perimeter of a triangle by 2« 
so that 28 = a + b + c; it follows that 

2 (s — a) = 6 + c — a, 

2 (« - 6) = c + a - 6, 

2 (« - c) = a + 6 - c. 
We have 

A A 

sin* — = ^ (1 — cos -4) cos"— =^ (1 + cos^), 

and inserting for cos A its value - 



26c 



sin«^ = ^/'l- 



26^)' ^^«2=H^''~26^)' 



or 





cos^ 


A (6 + c)»-a« 
2 46c 


{a-b + c) (a + b-c) 




(6 + c + a) (6 + c - a) 


46c 


46c 


4(.-6)(.-c) 
46c ' 




4«(s-a) 
~ 46c * 



and by division 

— ) 



A_ / (s-b){s-c 



D D » 

The values of sin ^ , cos — , tan ^ are got from these 
expressions by interchanging 6 and a, the values of 

. C C ^ G 
«^2' ^^2' 2' 
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by interchanging c and a. They should be written down 
as an exercise. 

89. Area of a triangle. 

In Art. 67, the area of the triangle is seen to bo 
\AD, BG = J c sin ^ . a = J 6c sin il, 
since h sin ^ = a sin ^. 

Denoting the area by S^ we have 

4^ = ^ftc . 2 sin ^ cos -^ , 

S=^'j8(8-a){8-'b){8'-c) (v). 

EXAMPLES. XXV. 
L If a = 35, 6 = 84, c = 91 show that 

tan^ = i, tan| = |, tan^=l, ^=1470. 

2. If a = 125, 6 = 123, c = 62, show that 
tan| = ^, tan| = |, tan|' = A, ^=3720. 

3. Ifa=13, 6 = 14, c=15, 

tan2=i, tan 2= I, tan^^f, ^=84. 

4. Ifa = 25, 6 = 52, c=63, 

tan^ = i, tan| = i, tan J=«, ^=630. 

6. Show that the condition that 8 — a, 8 — b, 8 — e may 
be proportional to the sides of some triangle is that 8 
should be less than twice the smallest side. 
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6. If the condition in the last question is satisfied, show 
that if A\ By C are the angles of this new triangle 



A-_ / {2b-s)(2c- s) 
™2"-*V («-6)(»-c) ' 



-s)(2a-s) 



e){,s-a) ' 



G^_ / (2a-s){2b-s) 
^•''2-*V is-a){s-b) ' 



7. Prove that the following expressions are each equal 
to the area of the triangle 

,-. a"— ft'sinil sin^ 
^^ ""2~sin(^-^)* 

(2) «» tan -tan 2 tan 2, 
4 tan TT 



•f- OO. To show that 

2 b+c 2' 

This result, which is of use in the solution of triangles, 
is proved as follows ; 

15 A-x QK sini? 6 

By Art. 85. - — 7- = - , 

^ sinC c* 

, sin j5 — sin C _ 6 - c sin B + sin C _ 6 + c 
sin C ~ c ' sin C ~ c * 

hence by division 

sin -5— sin C b — c 



sin ^ + sin G 6 + <? * 



also 
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B-¥G . B-G 
' 7> • •> 2 cos — ^ — sin — ^ — 
sin ^ - sin (7 2 2 

sin ^ + sin (7 " TTTTG T^' 
2 sin -^— cos—^ 

= tan— ^cot-y-, 

hence t — = ^t^ — s — cot —z: — , 

6+c 2 2 

^_(7 6-.c^ B + C 

*^-2- = 6T-c**^-2-> 



but since 



5 + (7 ..o A ^ B+C* A 
-2- =90 -2> tan-^-=cot^, 



^-(7 5-c A 
or tan — jr — = =— — cot 75 . 

2 6 + c .2 



EXAMPLES. XXVL 

Prove the following results 

1. 'Jf^)-(i:4<izi)=co8X 

be be 

2. 6 cos A -a cos ^ = - 



c 

a a+b+c 



sin -4 sin A + sinB + smC* 
a cos -5— 6 cos -4 c 



sin(ii-^) 8in(7' 

cos ^ COS -5 __ cos (7 Jsin ^ sin A\ 
b a " c lsin-4 sinB)' 

6* — c' 
6. cot (7 - cot B = —J — coseo A 
be 
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7. (6^- c») cot il + (c«-a^cot B + (a* -6*) cot C7 = 0. 

8. a sin* (7 = c (cos B + cos -4 cos G), 

B C 

9. (« - h) tan -- = (« — c) tan ^ . 

j4 B + Q 

10. From (iv) show that sin -^ = cos — ^ — • 

11. a cos A -hb cos ^ + c cos C 

2abc 

12. If 6 = c, and A = 60*, the triangle is equilateral. 

13. If 6 = 6, c = 4, cos -4 = J then a = 6. 

14. Given that 6 = 15, c = 8, cos -4 = 3^; show that 
a =16*3 nearly. 

15. If 6 = 30, c = 20, cos^ = | prove that a =17-3 
nearly. 

16. If ^ = 45", C = 60°, a = 2 ( 73 + 1) inches, show that 
S=6 + 2JS square inches. 

17. Given that a = 7, 6 = 8, c = 9; show that the line 
joining B to the middle point of the opposite side = 7. 

18. If a- 17 feet, 6 = 25 feet, c = 26 feet; iS = 204sq. 
feet. 

19. If a = 119, 6 = 111, c = 92 yards, show that S is 
10 sq. yards less than an acre. 

20. If a', 6', c* are in A. p., asec^, 6Bec J5, csecG are 
in H.P. 

21. Given that 

2 cos A + cos B + cos (7 = 2, 
show that 2a = 6 + ft 
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22. 


If A^ By C are in a.p. 




- A-C a+c 




2 Ja'-ac + 


23. 


If a, b, axe in A.P. 




tan2.tan^=J. 



If ^ = 30%cot| = 4-V3. 

24. If D, E, F are the middle points of the sides 

25. Show that the area and the trig, ratios of the 
triangle whose sides are 

are all rational. 

26. In any triangle if is the orthocentre 

^ . £0 ^ J. GA ^ ^ AB 
tan^=^, tan^=— , tan(7 = ^. 

27. asin(J?-(7) +6 sin (C- ^) + c sin(^ -^) = 0. 

28. 6^ + c2 - 25c cos {A + 60") = c'* + a« - 2ca cos (^ + 60') 

= a2 + 62_2a6cos((7+60"). 
What is the geometrical meaning of this ? 

29. a sin -4 + 6 sin ^ + c sin G 

= 2 { jt) cos ^ + g' cos -5 + r cos C}, 

where p^ q, r are the perpendiculars from the vertices on 
the opposite sides. 

30. If G = 2B, and A and B are not equal, then 
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31. The sides of a triangle are as 

a + 6, a-b, J2{a' + b% 

the sine of one angle is ^^— j — , find the other angles. 

11 ^ 

32. If (7 = 60%—^+=-^ = 



a + c 6 + c a + b + c' 

33. The sides of a triangle are in A. p. and the greatest 
angle exceeds the least by 90'; show that the sides are 
proportional to Vt + I, J7, n/T-I. 

34. Prove that 

a cos — jr — = (6 + c) sin ^ , 

and asm — ^ — = (6-c)co8^. 



CHAPTEE XIIL 

LOGAMTHMS. 

91. The treatment of logarithms and their proper- 
ties belongs to Algebra and is contained in all works on 
that subject. We shall merely state their chief properties 
for convenience of reference. 

92. Definition of a logarithm. 

If 35= a"*, w is called the logarithm of x to the base a; 
this fact is expressed thus 

m = loga^, or simply m = \ogx, 
when it is understood what base is referred to. 

In practical use of logarithms the base is always 10. 
The logarithms of all numbers from 1 to 100000, calculated 
to seven places of decimals, are contained in Chambers's 
Tables. The calculation to seven places of decimals gives 
results sufficiently accurate for ordinary purposes. 

The fractional part of a logarithm is called the mantissa, 
the integral part the characteristic. 

93. The chief properties of logarithms are the 
following : 

(i) loga WW = loga w + loga n. * 

(ii) loga^ =log„m-log„ri. 
(iii) log^m** =rlog,m, 
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94. Rule of proportional differences. 

It is proved in treatises on Algebra that log (1 + A) is 
proportional to A, if A is any quantity so small that its 
square need not be considered. 

[This follows from the fact that 

log,,{l-^h) = A(h-^+ ) 

where il = logioe, e being the number 2'718281828...] 

Thus log {l-^h) = A,h, where A does not depend on h. 
Therefore 

log (n 4- 05)- log w = log = log (l + -j 

= -4 - , ifx 18 small compa/red with n. 

So that log (n + aj) - log n is proportional to x. This is 
expressed by saying that 

the differ &nce of ttvo numbers and the difference of their 
hgourithma a/re proportional ; a fact known as the rule of 
proportional differences. 

Taking another number a, also small compared with n, 
then in like manner 

log (n + a) — log n = -4 - ; 



and 


by 


division 


L 












log(n + a;)- 
log (n + a) - 


-logn^ 
- log n " 


n 
n 


or 






log {n'\-x)- 
log (n-\-a)- 


-logn 
- log n 


X 




a 



(I). 
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Now assuming that n and n + a are given numbers so 
that their logarithms are known, the formula (i) enables us 

(i) if a? is any given number smaller than a, to find 
log(n + aj); 

(ii) if log (n-^x) is any given number between 
log {n + a) and log w, to find x, and therefore the number 
n + x, of which it is the logarithm. 



Sx.l. 


Given log 581 130 = 5-7642733, 




log 581140 = 5-7642808, 


find 


log 581136. 


Hero 


« = 581130, 




a =10, 




a! = 6. 



From (i), 

X 

log (n + x) = log n + - {log (n + a) — log a] 

= 5-7642733 + ^ {0000075} 
= 5-7642733 + -0000045 
= 5-7642778. 

Ex. 2. Find the number whose logarithm is '6840700, 
having given that log 4-8313 = -6840640, 
log 4-8314 =-6840730. 
We have to find a, given that 

n = 4-8313, 
a =-0001, 
log (w + aj) = -68407. 
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From (i), 

log(n + a;)-logn ^^^, -000006 6 ^^^, 

^=»T-^7 ; 1 = '0001 X ^^^^^Q = ^ X 0001 

log(n + a)-logn '000009 9 

= •000066 

Required number = n + a; = 4'831366 

EXAMPLES. ZXVn. 

1. Find the logarithms of 1, 8, 128 to the base 16. 

2. Given log 2 = -3010300, find log 625 and log 2500. 

3. Find log, 9, log^oo '001, loga cos 45\ 

4. Given log 3 = -4771213, find log 75, log -00045 and 
log ^^00012. 

6. Find log 1944, log -003, log OOS. 

6. Show that log 7 + log 11 + log 13 is nearly 3. 

7. Given log 104 = 20170333 find log 2-6. 

8. Find the number of digits in the integral part of 
{I'Oiy^, and the number of ciphers between the decimal 
point and the first significant figure of (•6)^^, 

9. If log 1025 ^^ and log 2 = q, then 

log 4100=;? + 125'. 

10. Given log 59579 = 4-7750933, 

log 5958 =3-7751005, 
find log 0595793. 

11. Find the fifth root of 6-4, having given that 

log -14495 =1-1612182, 
log -14496 = 1-1612482, 



CHAPTER XIV. 
Trigonometrical Tables. 

95. To make the formulae of trigonometry of use in 
the solution of triangles, it is necessary that we should have 
mimerical tables giving the trigonometrical ratios of angles, 
so that we may be able to find all the trigonometrical 
ratios of a given angle, and conversely the angle corre- 
sponding to a given ratio. 

There are two kinds of such tables. The first being 
tables of "natural" sines, cosines &c., in which the 
numerical values of the sines <&c., of angles are calculated 
to a certain number of places of decimals. 

We give as a specimen a portion of such a table ; the 
numbers have been taken from Chambers's Tables. 

If sin 34" 17' is required, looking for the number under 
sine and opposite 17 we find it to be -5632857. 

The numbers in the column headed diff. (or difference), 
are the changes in the sine, cosine, tangent and cotangent 
as the angle increases by 1'. 

Thus 

sin 34* 1' is greater than sin 34" by -0002411 ; 
cos 34'* r is less than cos 34' by 0001627. 
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1 

2 
3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

21 

22 

23 


sine 


diff. 


cosine 


diff. 


tangent 


diflf. 


cotangent 


diff. 


•5591929 
-5594340 
-5596751 
•5599162 
•5601572 
-5603981 
-5606390 
•5608798 
-5611206 
•5613614 
-5616021 
•5618428 
•5620834 
•5623239 
-5625645 
-5628049 
•5630453 
-5632857 
-5635260 
-5637663 
-5640066 
•5642467 
•5644869 
•5647270 


2411 
2411 
2411 
2410 
2409 
2409 
2408 
2408 
2408 
2407 
2407 
2406 
2405 
2406 
2404 
2404 
2404 
2403 
2403 
2403 
2401 
2402 
2401 


•8290376 
•8288749 
•8287121 
•8285493 
•8283864 
•8282234 
•8280603 
-8278972 
•8277340 
-8275708 
-8274074 
-8272440 
-8270806 
-8269170 
-8267534 
-8265897 
-8264260 
-8262622 
-8260983 
•8259343 
•8257703 
•8256062 
-8254420 
•8252778 


1627 
1628 
1628 
1629 
1630 
1631 
1631 
1632 
1632 
1634 
1634 
1634 
1636 
1636 
1637 
1637 
1638 
1639 
1640 
1640 
1641 
1642 
1642 


•6745085 
•6749318 
-6753553 
•6757790 
•6762028 
•6766268 
•6770509 
•6774752 
•6778997 
•6783248 
•6787492 
•6791741 
•6795993 
•6800246 
•6804501 
•6808758 
•6813016 
•6817276 
•6821537 
•6825801 
•6830.066 
•6834333 
•6838601 
•6842871 


4233 
4235 
4237 
4238 
4240 
4241 
4243 
4245 
4246 
4249 
4249 
4252 
4253 
4255 
4257 
4258 
4260 
4261 
4264 
4265 
4267 
4268 
4270 


1-4825610 
14816311 
1^4807021 
1^4797738 
1-4788463 
1-4779197 
1-4769938 
1^4760688 
1-4751445 
1-4742210 
1-4732983 
1-4723764 
1-4714553 
1-4705350 
1-4696155 
1-4686967 
1-4677788 
1-4668616 
1-4659452 
1-4650296 
1-4641147 
1-4632007 
1-4622874 
1-4613749 


9299 
9290 
9283 
9275 
9266 
9255 
9250 
9243 
9235 
9227 
9219 
9211 
9203 
9195 
9188 
9179 
9172 
9164 
9156 
9149 
9140 
9133 
9125 



96. Angles not exactly given in the table. 

It may be required to find a trigonometrical ratio of an 
angle which lies between two consecutive angles of the 
table; for instance, sin 34" 17' 45". Its value will, of 
course, lie between the values given for sin 34' 17' and 
sin 34' 18'. 

To find its value we make use of the fact, proved later, 
that 

a small change in the sine is proportional to the change 
in the angle. 
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So that if X is small (a certain number of seconds), 
sin (^ + a;) - sin ^ is proportional to a^ or, 

sin {A +x)^ sin A = K.sc 

Also if ^ is nearly equal to 4j or ^ — ^ is small, 

sin ^ - sin ii = i: (^ - il ), 

whence by division, 

sin (-4 + aj) — sin -4 _ x 
sin B - sin A " B— A* 

When B is taken 1', or 60", greater than Ay then if A 
and B are angles exactly given in the table, sin ^ — sin ^ is 
the differeiMe of the table, so that 

sin(il + sc) - sin il = ^ X diff. I. 

From (i) if a; be given, we can find sin {A + x) by use of 
the table ; if sin (il + a;) be given we can find x by using the 
table. 

To find sin 3r 17' 45". 

Here A = 34" 17', 

(6 = 45, 
tabular difference = •0002403, 
Therefore (i) gives us 

sin34'* 17' 45"= sin 34' 17' + ^ x -0002403 
= -5632857 + f x 0002403 
= -5632857 + -0001802 nearly 
= •5634659. 

97. In like manner, we get the equations 

tan(^ + aj)-tanii = gg X tabular dift'ei-ence II, 

BUT. 11 
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but cos ^ - cos (-4 + fic) = ^ X tabular diflference .... Ill, 

and cot A - cot (-4 + a?) = ^ x tabular difference IV. 

N.B. The tabular difference multiplied by ^ is to be 

added to mi A, or tan^l, in order to get sin (-4 -i- 05), or 

tan (A + x). But the tabular difference multiplied by ^ 

is to be STibtracted /ram cos A, or cot A, in order to get 
cos {A + 05), or cot {A + x). 

The equations I, II, III, and IV cannot be used, 
when A is very nearly 0' or 90" since it will be found 
that the reasoning on which they are founded does not 
hold in these cases. 



Ex. 1. Find cot 34"! 2' 42". 
Here ^ = 34" 12', a? = 42, 

cot 34** 12' = 1-4714553, tabular difference = -0009203, 
.'. by IV, 1-4714553 - cot (^ + a:) = ^ x -0009203 
or cot (A'^x)= 1-4714553 - ^^ x 0009203 

= 1-4708111. 

Bx, 2. Find the angle whose tangent is -6808932. 
This number lies between tan 34' 15' and tan 34** 16'. 
Tabular difference = -0004258. 
/. by II, 

•6808932 - -6808758 = ^ x -0004258 

-6808932 - -6808758 .^ „ , 
^= ^0004258 X 60 = 24 nearly. 
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The angle required is therefore 
34M5'2"-4. 

98*. To prove the rale of proportional differences for 
the sine. 

We have that 

sin (^ + a;) — sin il = sin ^ (cos x-l) + col A mix 

a - sin il . 2 sin' ^ + cos il sin a;. 
But when x is very small we may take r^^r for sin x 



and gz — ~T for sin ^ , hence since cc* may be neglected, 



TTX 



sin (A-k-x)- sin A = y^?. cos A, 



180 



SZAMPLES. XZVm. 

Apply the methods just explained to find the following : 

1. sin 34' 16' 10". 

2. cos 34^9' 32". 

3. Hie angle whose cosine is '8271356. 

4. sinl2M5'20", 
having given that 

sin 12' 15' = -2121777, tabular diff. = -0002842. 

6. sin 40' 38' 1", 
having given that 

sin 40' 38' = -6512158, diff. = -0002208. 
6. sin 53*^39' 11", 
sin 53' 39' = -8054113, tabular diff = -0001724. 

11—2 
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7. tan ir 25' 16", 

tan 49' 25' = 11674071, diff. = -0006876. 

8. tan 70' 51' 43", 

tan 70" 51' = 2-8796979, diff. = -0027054. 

9. tan 15" 30' 45", 

tan 15" 30' = -2775594, diff. = -0003133. 

10. cos 12' 21' 15", 

cos 12" 21' = -9768593, diff. = -0000623. 

11. cot 17" 50' 10", 

cot 17" 50' = 3-1084210, diff. = -0030987. 

12. cos 42" 59' 59", 

cos 42" 59' = -7315521, diff. = -0001984. 

13. cosl8"0'l", 

cos 18" = -9510565, diff. = -0000899. 

14. cot 37" 30' 4", 

cot 37" 30' = 1 -3032254, diff. = -0007847. 

15. cot 77" 10' 22", 

cot 77* lO' = -2278063, diff = -0003060. 

16. Mnd the angle whose sine = -500005, 

sin 30* = -5, dift: = -0002519. 

17. The angle whose sine = *3, 

sin 17" 27' = -2998734, diff. = -0002775. 

18. The angle whose sine = 'S, 

sin 19" 28' = -3332584, diff. = -0002742. 

19. The angle whose cosine = -9, 

cos 25" 51' = -9000654, diffl = -0001268. 

20. The angle whose cotangent := 2, 

cot 26" 33' = 2-0013142, diff. = -0014552. 
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21. The angle whose cosine = *75, 

cos 4r 24' = -7501111, diff. = -0001924. 

22. The angle whose cosine = '125, 

cos 82' 49'= •1250446, diff. = 0002886. 

23. The angle whose tangent = 1-3786523, 

tan 54" 2' = 1 -3780672, diff. = -0008436. 

24. The angle whose tangent = 4, 

tan 75** 57' = 3-9959223, diffi = -0049413. 

25. The angle whose tangent is 5. 

tan 78** 41' = 4-9969459, diffl = -0075652. 

26. The angle whose cotangent := 3*6953285. 

cot 15** 8' = 3-6976104, diff. = -0042635. 

27. The angle whose cotangent = -9578333, 

cot 46" 14' = -95784*94, diff. = -0005577. 

99. Tables of logarithmic sines. 

The second kind of tables is that which gives the 
logarithms of the sine, cosine <ka, of angles, or the logo- 
rUhmic sines, logarUhmio cosines, &c, as they are called. 

Since the sine and cosine are always less than unity, 
and the tangent and cotangent may be less than unity, 
their logarithms are then negativa In order to avoid 
having negative logarithms it is usual to add 10 to the 
logarithm, which is then written LsmAy Z cos ^ <fec., 
thus 

Z sin il = 10 + log sin A. 

These numbers are then called tabulcM' logarithms. 

We add a portion of a table of tabular logarithms for 
the sine, cosine, tangent and cotangent of angles between 
25" and 25" 25'. 
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1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 



L sine 



9-6259488 
9-6262191 
9-6264897 
9-6267601 
9-6270303 
9-6273003 
9-6276701 
9-6278397 
9*6281090 
9-6283782 
9-6286472 
9-6289160 
9-6291845 
9-6294529 
9-6297211 
9-6299890 
9-6302568 
9-6305243 
9-6307917 
9-6310589 
9-6313258 
9*6315926 
9-6318591 
9-6321255 
9-6323916 
9-6326576 



diif . L cosine diif . 



2708 
2706 
2704 
2702 
2700 
2698 
2696 



2692 



2685 
2684 
2682 
2679 
2678 
2675 
2674 
2672 
2669 
2668 
2665 
2664 
2661 
2660 



9-9572767 
9-9672168 
9-9671578 
9-9670988 
9-9570397 
9-9569806 
9-9669215 
9-9568623 
9-9668030 
9-9567437 
9-9566844 
9-9666250 
9*9566656 
9-9665061 
9-9564466 
9-9563870 
9-9563274 
9-9562678 
9*9662081 
9-9661483 
9-9560886 
9-9560287 
9-9559689 
9-9559089 
9-9558490 
9-9567890 



590 
590 
591 
591 
591 
692 
593 
593 
593 
594 
594 
595 
595 
596 
596 
696 
697 
598 
597 
599 
598 
600 
599 
600 



L tangent diif. L cotangent 



9*6686726 
9-6690023 
9-6693319 
9-6696613 
9-6699906 
9-6703197 
9-6706486 
9-6709774 
9-6713060 
9-6713345 
9-6719628 
9-6722910 
9-6726190 
9-6729468 
9-6732746 
9-6736020 
9-6739294 
9-6742566 
9-6745836 
9-6749105 
9-6752372 
9-6756638 
9-6768903 
9-6762166 
9-6765426 
9-6768686 



3298 
3296 
3294 



3291 
3289 



3286 
3285 
3283 
3282 
3280 
3278 
3277 
3276 
3274 
3272 
3270 
3269 
3267 



3265 
3262 
3261 
3260 



10-3313275 
10-3309977 
10-3306681 
10-3303387 
10-8300094 
10-3296803 
10-8293614 
10-3290226 
10-3286940 
10-3283655 
10-3280372 
10-3277090 
10-8273810 
10-3270632 
10-3267255 
10-3263980 
10-3260706 
10-3257434 
10-3254164 
10-3250896 
10-3247628 
10-3244362 
10-3241097 
10-3237835 
10-3234574 
10-3231814 



Ex. To find Zcot 25' 16'. The table gives it as 
10*3260706. 

1 OO. Logarithms not exactly given in the table. 

As in the case of ^' natural '* sines, if it is required to 
find the logarithmic sine of an angle not exactly given in 
the table we use the fact proved in Article 101, that 

A small change in the logarithmic sme is proportional to 
the cham^ge in the a/ngle itsdf. So that A being any angle 
contained in the table, 

L sin (A ■¥ x) - L^vcL A - K , x^ 
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X being a certain number of seconds, and K not depending 
on X. 

Thus if 5 is greater than A by 60", 

Z sin^ -Z sin^ = iT. 60, 

but L sin B- L sin A is given as a difference in the table, 
hence by division, 

Z sin (^ + aj) — Z sin -4 = ^ x tabular difference. . .V. 

Whence if a; is known we can find Z sin (^ + x\ and if 
Z sin (^ + a;) is given we can find x. 

For the logarithmic tangents, cosines and cotangents 
we have 

Ztan(^+a:)-Ztanil = ^x tabular diff. ....VI, 



X 

but Z cos ^ — Z cos (^ + sc) = ^ X tabular diff. . . . VII, 

X 

and Z cot il - Z cot (il + (b) = ^ X tabular diff. . . .VIII. 



60 

X 

60 

X 



To get Z sin {A + oj), and Z tan {A + x) we add ^ times 

the tabular difference to Z sin ii or Z tan A ; to get 

Z cos (-4 + x) or Z cot (A + x) we subtract ^ times the 

tabular difference from Zcos^ or Zcotil. 

For reasons which cannot be entered into fully in an 
elementary work, the above rules do not apply when the 
angle A is very nearly 0" or 90'. 

Ex. 1. Find Z sin 25'' 13' 12". 
We have il=25"13', a: =12, 

Z sin ^ = 9-6294529, tabular diff. = 0002682, 
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/. byV, 

L sin 25" 13' 12" = 9-6294529 + ^ x -0002682 
= 9-6295065. 

Ex» 2. Find the angle whose tabular logarithmic sine 
is 9-6314276. 

The table tells us that the angle lies between 25** 20' 
and 25** 21'. 

Thus A = 25* 20', tabular diff. = -0002668, 

Z sin il= 9-6313258, 

Z sin (^ + a:) = 9-6314276, 
/. by V, 

9-6314276 - 9-6313268 = ^ (-0002668), 

^^ -0001008 ^^ 1008 ^„^ , 
•^ = ^^"^0002668 = ^^" 2668 = 22'^ ^^^^y- 
Angle required = 25* 20' 22-7". 

lOl'*^. To prove tbat a small clLange in the logarithmic 
sine is proportional to the change in the an^^e. 

Z sin (^ + a;) - Z sin -4 = log sin {A-k-x)- log sin A 

, sinM+os) , , . ^ .. 

= log — ^ — -j-^ = log (cos X + sin X cot -4) 

= log cos X 4- log (1 + tan x cot A), 

Now when x is very small we may replace cos a by 

unity, and tana by ^otj. 

Also, see Art. 94, 

/. Z sin (4 + 05) - Z sin 4 = j^ cot A x log^o e, 

^Kx, 
where K is independent of x. 
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EXAMPLES. XZIX. 

Find the value of the following : 

1. Z sin 13° 31' 40", 
having given 

L sin 13** 31' = 9-3687111, difference for 1' = -0005252. 

2. Z8in27M8'5", 

L sin 27° 48' = 9*6687461, diff. = -0002395. 

3. L sin 30° 0' 1", 

L sin 30° = 9-6989700, diff. = -0002187. 

4. L cos 30° 0' 1", 

L cos 30° = 9-9375306, diff. = -0000729. 

5. Z cos 44° 59' 10", 

L cos 44° 59' =: 9-8496113, diff. = -0001263. 

6. L cos 63° 18' 17", 

L cos 63° 18' = 9-6525548, diff. = -0002513. 

7. Z tan 10° 30' 8", 

L tan 10° 30' = 9-2606330, diff = -0006811. 

8. Z tan 75° 10' 7", 

Z tan 75° 10' = 10-5770265, diff = -0005107. 

9. Z tan 77° V 2", 

Z tan 77° 1'= 10-6372126, diff = -0005774. 

10. Zcotl8°35'13", 

Z cot 18° 35' = 10-4733850, diff = -0004181. 

11. Z cot 17° 25' 3", 

Z cot 17° 25' = 10-5034848, diff. = 0004422. 
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12. Z cot 60" 38' 47", 

L cot 60"* 38' = 9-7502806, diff. = -0002956. 

13. Find the angle whose log. sine is 9-7169223, 
given that 

L sin ^r 24' = 9-7168458, diff. for 1' = -0002068. 

14. Find the angle whose log. sine is 9'1855273| 
Z sin 8** 49' = 9-1854665, diff. = -0008137. 

15. Find the angle whose log. sine is 9-9877113, 
L sin 76" 26' = 9*9877099, diff = -0000305. 

16. Find the angle whose log. sine is 9*5955550, 
L sin 23" 12' = 9*5954322, diff. = -0002946. 

17. Find the angle whose log. cosine is 9*9900367, 
L cos 12** 13' = 9*9900521, diff. = 0000274. 

18. Find the angle whose log. cosine is 9*7977635, 
L cos 5r r = 9*7977775, diff. = 0001567. 

19. Find the angle whose log. tan is 10*4378605, 
L tan 69** 57' = 10-4377561, diff. = -0003924. 

20. Find the angle whose log. tan is 9*7766638, 
L tan 30** 52' = 9*7764816, diff = -0002869. 
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Solution of Triangles. 

102. The results of Chapters 12 and 14 are of use in 
enabling us to determine all the sides and angles of a 
triangle when three of them are known. 

It is necessary that of the six parts of a triangle, viz. 
the three sides and three angles, one of the three given 
parts should be a side. There are thus four ways in which 
the parts may be given, which will now be considered. 

103. Case I. 

Having given two cmglea cmd a side ; ets A, Cy cu 
Then B is determined from the equation 

^=180'-il-C; 

the sides 6, e are found from 

- sinJ5 sinC a_^ ok 

6 = a -: — 3 , c=:a - — 7 Art. 85. 

sin A sin A 

or taking logarithms 

log 6 = log a + Z sin J?— Z sin il, 
logc = loga + Zsin C—L einA, 
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Ex, U a= 10, A = 5r 30' 40", 5= 76° find 6, having 
given 

Z sin 76° = 9-9869041, log 12-3963 = 1-0932928, 
Z sin 5r 30' = 9-8936444, 
Z sin 5r 31' = 9-8936448, 
we have 

log 6 = log 10 + Z sin 76* - Z sin Sr 30' 40", 
and Z sin 51** 30^ 40" = Z sin 5r 30' + ^ x -0001004 

= 9-8936113, 
hence logfi = 1 + 9-9869041 - 9-89?6113 

= 1-0932928, 
therefore A 6 = 12-3963. 



J' 



\ 



tj 



V 



\^ V^ BXAMPLTO. XXX. 

/ 1. K a=15, il = 42^ 5 = 36*' find 6 and c, having 
wiiven, 
A^t>' Z sin 42° = 9-8255109, log 13-17647 = M197991, 
^ >' Z sin 36° = 9-7692187, log 21-92728 = 1-3409848, 
■ K^ Z sin 102° = 9-9904044. log 15 = 11760913. 

2. a = 123, B = 29° 17', G = 135° find c, given that 

log 123 = 20899061, 
log 3211 = 3-5066403, log 3210 = 3-5065050, 
log 2 = -3010300, 
Zsin 16° 43' = 9-4327777. 

3. a = 1, -4 = 49°, B = 61°, find 6 and o : having given 
Zsin 61° = 9-8905026, log 1-029729 = -0127227, 
Zsin 49° = 9-8777799, log 1-304883 = -1155716, 
Zsin 80° = 9-9933516. 
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4. a= 10, ^ = 80% C = 60% find h and c. 

Z sin 80** = 9-9933515, log 1347296 = 61294631, 
Z sin 40** = 9-8080675, log 1532089 = 6-1852840. 
Z sin 60'' = 9-9375306. 

5. a = 4,ii = 15% (7=95% find c. 

Z sin 15* = 9-4129962, log 15396 = 4-1874079, 
Z cos 5" = 9-9983442. 

6. a=12, il = 25% ^ = 35% find 6 and c. 

Z sin 35^ = 9-7585913, log 12 = 1-0791812, 

Z sin 25^ = 9 -6259483, log 1628637 = 6-2118242, 
Z cos 30' = 9-9375306, log 2459028 = 6-3907635. 

7. a = 29, il = 8r 35', B = 17' 58', solve the triangle. 
Z sin 8r 35' = 9-9952972, log 90428 = 4-9563029, 
Z sin 17' 58' = 9 -4892040, log 90429 = 4-95^3077, 
Z sin 80' 27' = 9-9939391, log 28909 = 4-4610331, 

log 29 = 1-4623980, log 28910 = 4-4610481. 

8. a=17,il = 53'28', 5 = 29'. 

Z sin 53' 28' = 9-9049916, log 102571 = 5-0110246, 

Z sin 29' = 9-6855712, log 102572 = 5-0110288, 

Z cos 7^* 32' = 9-9962352, log 20974 = 4-3216813, 

log 17 = 1-2304489, log 20975 = 4-3217020. 

9. a = 7,il = 59', 5 = 60'. 

Z sin 59' = 9-9330656, log 70723 = 4-8495607, 

Z sin 60 = 9-9375306, log 70724 = 4-8495668, 

Zsin 61' = 9-9418193, log 71425 = 4-8538502, 

log 7 = -8450980, log 71426 = 4-8538563. 
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10. a=101, ^ = 23^5 = 88^ 

L sin 88" = 9-9997354, log 25833 = 4-4121748, 

Z sin 23' = 9-5918780, log 25834 = 44121917, 

L sin 69" = 99701517, log 24132 = 4-3825933, 

log 101 = 20043214, log 24133 = 4-3826113. 

104. Case XL ^ 

Rwwng given the three sides, a, 6, c. ^^*^^ "j^ ^ 
The angles are determined by the formulae 
A / {s-b){s^c) 
**^2=V s{s-a) ' 

. B / (8-c){s^ a) 
^"2 = \/^^^(i35) '- 

^^2-V s{s-c) ' 

, A Is (s - a) 

orby co82=,y/-A^, 

B_ / 8(8-b) 

2~V ~S^' 

c /fijTEZ) 

2-V (^ 



cos 



cos ^ - ^ , 
Thus we have 



L tan TT = 10 + * log ^^ — , \ • 

J^jB. The sides of a triangle are proportional to 4, 7, 9 ; 
find the angles, having given 

log 2 = -3010300, 
Ztan 12" 36' =9-349329, diff. for 1' = 000593, 
X tan 24" 5' = 9650281, diff. for 1' = -000339. 
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We find ««=10, «-a=6, « — 6 = 3, « — c = l, henoe 

therefore Z tan -^ = 10 + ^ (- log 20) 

=.10 -1(1 + -3010300) 
= 9-349485, 

and Z tan I = 10 + i (log 2 - 1) = 9-650515. 

Thus ^^^irz^'^'^:^^^^^.^'' 

l„oofi/^:000156 ,, 
= ^^ ^^"^ -000593^^^ 

= 12" 36' 15-8", 

, B ^,_, 9-650515-9-650281 ^^„ 
^^^ 2=2^ ^-^ ^000339 ^^^ 

= 24''5'41-4". 

So that A = 25- 12' 31-6", B= 48' 11' 22-8", 

hence G = 180" -A -3= 106' 36' 5-6". 



mrAMPT.TJg XXXI. 

1. a = 15, 6 = 16, c = 29, find G given that 

L tan 69** 17' = 10-4222774, diff. for 1' = 3819. 
log 7 = -8450980. 

2. a = 7, 6 = 20, c = 25, find A, where, 

L tan 6*^ 17' = 9-0418134, diff for 1' = 11597, 
log 13 = 1-1139434, 
log 19 = 1-2787536. 
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3. Find the greatest angle of a triangle whose sides 
are 183, 195 and 214 feet long. 

log 82 = 1-9138139, log 296 = 24712917, 

log 101 = 2-0043214, L tan 34** 26' = 9-8360513, 
log 113 = 2-0530784, L tan 34** 27' = 9-8363221. 

4. If a = 5, 5 = 2, c = 6, find all the angles. 

L tan 25' 39' = 9-6814160, diff. for 1' = 3236. 
L tan 9' 5' = 9-2037825, diff. for 1' = 8097. 
log 13 = 1-1139434. 

5. a= 9, 6 = 10, c= 11, find all the angles. 

L tan 25'' 14' = 9-6732745, diff. for 1' = 3275, 
L tan 29° 29' = 9-7523472, diff. for 1' = 2948. 
log 3 = -4771213. 

6. a = 45, 6 = 175, c = 210, find the angles. 

Z tan 4' 13' = 88676317, diff. for 1' = 17194. 
L tan 17** 27' = 9-4973991, diff. for 1' = 4415. 

log 43 = 1 -6334685, log 17 = 1 -2304489. 

7. a = 3, 6 = 9, c= 8, find the angles. 

L tan 9** 35' = 9-2274706, diff for 1' = 7689, 
L tan 49° 47' = 10-0728534, diff for 1' = 2562. 

8. a = 222, 6 = 318, c= 406. 

log 473 = 2-6748611, log 155 = 2-1903317, 

log 251 = 2-3996737, log 222 = 2-3463530, 

log 318 = 2-5024271, L cos 25' 35' = 9-9551864, 

log 406 = 2-6085260, L cos 25' 36' = 9-9551259, 

Z cos 16' 28'= 9-9818117, 

Z cos 16' 29'= 9-9817744. 
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9. a=13, 6 = 14,c=15. 

L tan 26'' 33' = 96986847, tabular diff. for 1' = 3159, 
Ztan29' 44' = 9-7567587, tabular diff. for 1' = 2933, 
Ztan 33' 41' = 9-8237981, tabular diff. for 1' = 2738. 

105. Case III. 

Hcm/ng given ttvo sides and the included angle as 6, c, A. 

B and C may be determined from 

. B-G 6-c A .^ ^^ 

tan — s — = cot TT , Art. 90. 

together with ^ + O=180'-il. ^*^ ^ 6 

Taking logarithms, we have 

L tan — ^ — = log (6 — c) - log (6 + c) + Z cot ^ . 

Having found B and G the side a may be found from any 
one of the formulae 

log a = log c + Z sin il - Z sin C, 

log a + Z cos — s — = log (6 + c) + Z sm -^ , 

B — G A 

log a + Z sin — jr— = log (5 — c) + Z cos ^ . See Ex. 34, p. 154. 

We may also determine a as follows : 
a*=6' + c»-26ccosil. 
This formula is not adapted for use with logarithms, 
but we may write it 

a* = (6 + c)' - 46c cos* ^ , 
now take an angle ^ such that 

2jbccoa ^ 
^^= Uc ' 
H. T. 12 
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then we have 

= (6 + c)«(l-.sinV), 
= (6 + c)"cos««^, 
so that a = (5 + c) cos ^. 

Thus we may find ^ by the logarithmic formula 

Z sin ^ = log 2 + J log 6 + J log c + X cos -^ - log (6 + c), 

and then determine a by the formula 

log a B log (5 + c) + Z cos <^ - 1 0. 

Ex. If 6= 123, c = 321, A = 29** 16', find B, C and a, 
having given, 

log 99 = 1 -9956352, L sin 29"* 16' = 9-6891978, 
log 123 = 2-0899051, 

L sin 15° 42' = 9-4323285, diffi for 1'= 4492, 
log 222 = 2-3463530, Z cot 14** 38' = 105831901, 
log 221 = 2-3443923, 

Z tan 59^39' = 10-2324552, diff. for 1' = 2898, 
we have 

Ztan^^ = log^ + Zcotl4'*38' 

= 1 9956352 - 2-3463530 + 10-5831901 
= 10-2324723, 

• ^-^-59-39- , 10-2324723 -102324552 
"T"-^^ ^^-^ -0002898 "— ^^^» 

or ?JZ:? = 59'*39'3-5", 

and £±J? = 75°22', 
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therefore (7 = 135*1' 3-5", 

5 = 15' 42' 56-5". 
Again 

log 6 - log 1 2 3 + Z sin ^ - Z sin ii 

= 2-0899051 + 9-6891978 - L sin 15^* 42' 56-5". 

And L sin IS*" 42' 56-5" = L sin 15' 42' + ^ x 0004492 

60 

= 9-4323285 + -0004230, 

hence log h = 2-3463514, 

6 = 221 +^»i= 221-992. 



EXAMPLTW. ZZXU 

^ 1. If a =21, 6 = 10^, (7= 36' 52' 12", find A and B, 
given 

L cot 18' 26' 6" = 10-4771213, 
log 3 = -4771213. 

2. a = 1, 6= 9, C= 65*, find A and B. 
^ L cot 32' 30' = 10-1958127, log 2 = -3010300, 

"^ Z tan 51' 28' = 10-0988763, 

X tan 51' 29'= 10-0991355. 
^ 3. a=14, 6=11, (7=60', find A and B, given 

Z tan 11' 44' = 9-3174299, log 4-32 = -6354837, 
Z tan ir 45' = 9*3180640. 

4. 6=4, c=2, ^ =60', find B, C and a. 
Z tan 30' = 97614394, 
Z cot 30' = 10-2385606. 

12—2 



180 



TRIGONOMETRY. 



5. a=5,6 = l, C=80^ 

L tan 38' 28' =9-9000865, <iiff: for 1' = 2594, 
L cot 40' = 10-0761865, 
cos 80" = -1736482. 

6. 6 = 13, 0= 11, il= 25", find B, C and a. 
Z cot 12' 30' =10-6542448, 

Z tan 20' 36' = 9-5750438, 

log 11 = 1-0413927, 

Z sin 25' = 9-6259483, 

Z sin 56' 53' = 9-9230158, 

7. 6=117, c = 89, il = 16'. 
Z tan 44' 2' = 9-9853428, 

Z cot 8' = 10-8521975, 
Z sin 16' = 9-4403381, 
Z sin 37' 57' = 9-7888565, 
log 39-885 = 1-6008096. 

a 6 = 8, c = 3,il = 62'. 
Z tan 37' 6' = 9-8786907, 

Z cot 31' = 10-2212263, 
Z sin 21' 53' = 9-5713802, 
Z sin 62' = 9-9459349, 



diff. fori' = 3834. 
log 5-54941 = -7442468, 

diff. fori' = 824. 

diff. fori' = 2528, 
log 103 = 2-0128372, 
log 89 = 1-9493900 
diff fori' =1619, 



diff for 1' = 2626, 

log 11 =1-0413927, 
diff fori' = 3144, 



9. 6 = 21, c= 13, .1 = 40'. 

Z tan 32' 52' = 9-8103025, 

Z cot 20' = 10-4389341, 

Z sin 40' = 9-8080675, 

Z cos 12' 52' = 9-9889560, 

log 21 = 1-3222193, 

log 13847 = 4-141356. 



log 7-1039 = -8514968. 

diff. fori' = 2771, 
log 17 = 1-2304489, 

diff. for l' = 289. 
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lOe. Case IV. 

Havmg given two sides cmd the angle opposite one of 
them as a, c, A, 

This is usually known as the ambiguous case. 

From the equation sin C = - sin ^, we find sin C; when 

sin C is thus determined there are, in general, two values 
of (7 less than 180**, one acute and the other obtuse, whose 

sine has this value ; provided that - sin A is < unity, 

"We must consider three different cases : 

(1) if csinil is >a, we have sinC>l, which is im- 
possible, and indicates that there is no triangle with the 
given parts. 

(2) if c sin -4 = a, then sin (7 = 1, and the only value 
of (7 is 90", thus there is one triangle with the given parts, 
and that is a right-angled triangle. 

(3) if csiaA <a, then sin(7< 1, and there are two 
values of (7, one acute, the other obtuse; 

(a) if c<a, we must have G<Af hence C must be 
€tciUej and there is only one triangle with the given parts ; 

(P) if c> a, the angle C need not be acute, and both 
values of C may be taken, in this case then there are two 
triangles with the given parts. 

We may state the above results thus : 

c sin A> a no solution 

csinil=:a one solution 

onie solution 



csinil<Mr> , - ^. 

two solutions 



fc <a 
c:>a 

If c = a, then (7= -4 or 180** - A ; but for the latter value 
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of C two sides of the triangle «^re coincident, the first gives 
the only value of C. 

107. It is instructive to consider geometrically the 
different cases of the last article. 

From B draw BD perpendicular to the side 6, then 
BD = c sin ^; with centre B and radius a describe a circle ; 
then 

(1) if a<c sin -4 this circle will not cut the side -4(7, 
and there is no triangle. 

(2) if a = c sin -4, this circle touches -4(7 at Z>, and we 
have the right-angled triangle ADB, 




(3) if (t>csin-4, this circle cuts AG vsi two points 
Ci and Gil 
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(j3) if c> a, then Gi and G^ lie on the same side of A 
and there are two triangles ABCi ^^^ ABG^ having the 
given parts ; 

(a) if o< a, Gi and Ct lie on opposite sides of A and 
only the triangle ABGi ^^ ^^^ given parts. The triangle 
ABG^ has the angle at A equal to ISO"*— il, and thus does 
not satisfy the given conditions. 




108. Notice that in the second figure, of the last 
Article, siace 

AD^ccobA, eaid G^D = GJ) = Ja^^(? sinM, 
the two values of h are 



ccosil+^a*-c*8in*-4 and c cos il - Ja^ - c* sin'*^, 

these values being both positive when there are two 
solutions. 

We may also obtain them by solving the quadratic 
equation 

a' = 6'-26ccos^ + c»; 

and if we denote them by h^ and 62, we have 

61 + 6a = 2c cos -4, 

6,6j = (? -a^. 
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109. Solution of rightranded trianfi^es. 

To solve right-angled triangles we have to use logarithms 
in connexion with the equations already given in Chapter 
IV. Taking G as the right angle, we have 

L Having given a, 6. 

Jj tan ii = 10 + log a- log h, 

logc = loga-Zsinui + 10, B = W^A. 

H. Having given c, a, 

L sin -4 = 10 + log a - log c, 

log6=ilog(c + a) + ilog(c-a), -5=90'-A 

TTT, Having given e, A, 

log a = log c + Z sin il - 10, 
log 6 = log c + Z cos ui — 10. 

IV. Having given a, A, 

log c = log a — Z sin -4 + 10, 
log 6 = log c + Z cos 4 — 10. 

no. Solution of triangles with other data. 

We add a few examples of the solution of triangles 
when instead of sides and angles there are other data. 

(1) Having given a,h'¥Cy A, 

We have 

^ . B-^G B-G 
, . . D . ^ 2 sm —zr — cos — - — 
h + c _ sin -5 + Bin (7 2 2 

a sinui ~ sin -4 

, A B^G B^G 

2COS2COS— ^ *^-2~ 



77^4 A^ TaT 

Ism -cos ^ sin^ 
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B — G 
Thus cos — jr — is given in terms of known quantities ; 

and therefore all the angles are known, since 

B-\-G ^^, A . 

— - — = 90 — "rt = given quantity. 

The problem is reduced to Case I. 

(2) If the three perpendiculars from the vertices 
Pii Pi 9 ^^'^ Ps *''® given. 

We have, since api = hp2 = cp^ = 2/S> 

\^i Pi Ps/ P1P2PS 

Similar expressions are found for « — a, s — b, and 
(*-c). 
Hence 

A _ /» (» — a) 
"V ~bi 



cos 2 



'/' 



^ {PiPz +PsPi + P1P2) {-P^t •*• PtPi •*• PlP,) 

4it>iV«P8 

In this way A is expressed in terms of the perpen- 
diculars^ and therefore determined. In like manner B 
and G are determined. 

Ex, Solve the triangle with the following data : 

(1) B,a,h-^c. (3) PuB,G. (5) a, A, S. 

(2) S,A,B. (4) a,hCyA. 

EXAMPLES XXXm. 

"^ 1. Find A when (7=90% a=l, 6 = 3; having given 
that 

X tan 18' 26' = 9-5228379, 

diff. for r = -0004210. 
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2. Find ^1 and 6, if (7 = 90% c = 16, a = 5 ; given that 
L sin 18° 12' = 9-4946205, log 15-198 = M817864, 
L sin 18^* 13' = 94950046, log 15-199 = M818150, 

log 11 = 1-0413927, 
log 7= -8450980. 

J 3. In a right-angled triangle of which a side is 10 feet 
and the angle opposite to it 40", find the length of the other 
sides. 

X sin 40 = 9-8080675, log 15-557 = 1-1919259. 

Z cos 40 = 9-8842540, log 15-558 = 1 -1919538, 

log 11-917 = 1-0761669, 

log 11-918 = 1-0762034. 

4. If a = ^2, 6 = 2, ii = 45', solve the triangle. 

V*-"^^ y 5. Ka = 5, 6 = 10, sin-4=|^, find c. 

i4*1 6. Given that a =10, 6 = 30, Z sin ^ = 95228787, 

^ V find B. 

4 7. Find all the angles when h = 200, c = 100, A = 40'. 
L cot 20' = 10-4389341, L tan 43° 30' = 99618128. 

8. Are the following cases ambiguous % 

^ = 30% 6 = 8, a = 4, 
^ = 30% 6 = 8, a=6, 
^ = 30% 6 = 8, a = 3. 

9. If a = 2, c = 1 + ^3, A = 45*, solve the triangle. 

10. If a = 11, 6 = 6, c = 7, find C, having given that 
L tan 17" 32' = 9-4996026, diff. for 1' = 4396. 

11. Given that a = 16, 6 = 25, c = 13, find A. 

L tan 17^* 4' = 9-4871433, diff. for 1' = 4500, 
log 11 = 1-0413927, log 7 = -8450980. 
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12. In a triangle 

6 = 32, c = 40, 5 = 52'' 32' 15" 
find A and C, given that 

L sin 52' 32' = 9-8996604, diff. for 1' = 968, 
L sin 82** 50' = 99965937, diff. for 1' = 159. 

13. If a =13, 6=15, cos (7 = 1^, find c, and the per- 
pendicular upon it from the opposite angle. 

14. Two ships start at the same time from the same 
port and sail for 5 hours at the respective rates of 8 and 10 
knots an hour in straight courses inclined to each other at 
an angle of 60°. They then sail directly towards each 
other; find the inclination of this new course to their 
original courses, having given that 

Jog 3= -47712, Z tan 10° 53' 36" = 9-28432. 

15. The sides of a triangle are 942, 812, 1270 feet. 
Find the area having given that 

log 7 = -8450980, log 57 = 1 -7558749, log 242 = 2-3838154, 

log 1512 = 3-1795518, log 382094 = -68217. 

16. Solve the triangle when 

6 = 1286, c=1093, A = Q% 
given that 

Z tan 57^*8' =10-1896975, diff. for 1'= 2772, 

Z cot 3' = 11-2806042, 

log 193 = 2-2855573, log 2379 = 3-3763944, 

Zsin 2r 51' = 9-6969947, diff. for 1'= 2201, 

Z sin 6' = 9-0192346, log 22945 = 4-3606881, 

log 1093 = 3-0386202, log 22946 = 4-3607070. 

17. Find the greatest side of a triangle of which one 
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side is 2183 feet and whose adjacent angles are 78° 14' and 
7r24'. 

log 2183 = 3-3390537, log 42274 = 4-6260733, 

L sin 78* 14' = 9-9907766, log 42275 = 4-6260836, 

Z sin 30° 22' = 9-7037486. 

18. The length of one side of a triangle is 1006-62 
feet and the adjacent angles are 44° and 70°. Solve the 
triangle, given that 

L sin 44° = 9-8417713, log 7654321 = 68839067, 

L sin 66° = 99607302, log 1006-62 = 3-0028656, 

L sin 70° = 9-9729858, log 103543 ±= 50151212. 

19. Find A, B, when 

a = 432, 6 = 324, C = 67° 58' 32". 
L cot 33° 59' = 10-1712851, diff. for 1' = 2700, 
Z tan 11° 57'= 9-3256073, diff. for 1' = 6270. 

20. The lengths of the sides of a triangle are 2 and 18 
feet respectively, and the included angle is 38° 26'. Find 
the remaining angles correct to the nearest second, given 
that 

L tan 66° 27' = 103606625, diff. for 1' = -0003450, 

Z cot 19° 13' =10-4577187. 

21. Find the other angles of a triangle of which one 
angle is 112° 4', and the side opposite to it 573 yards long, 
another side being 394 yards in length. 

L sin 39° 35' = 9-8042757, log 573 = 2-7581546, 
L sin 39° 36' = 9-8044284, log 394 = 2-5954962, 
Z cos 22° 4' = 9-9669614. 
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22. In a triangle 

ui = 20°41'20", 
^ = 5r38'55", 
a=24J. 
Find C, having given, 
L sin 72' 20' = 9-9790192, diffi for 1' = 403, 
L sin 20' 41' = 9-5480240, difl^ for 1' = 3345, 
log 66078 = 4-8200569, log 245 = 2-3891661, 
log 66079 = 4-8200635. 

23. I^ in the ambiguous case, we have h^ = 2&i, show 
that 

3a = cij\ + 8 sin* A. 

24. Prove that, sin'^?^ = ^. 

' 2 2a 

25. If a;, 6, ij be given, show that 

sin G __ sin C" 
~r — 7"' 

Bin C sin 0' « - 
-T— p + -.-^7 = 2 cos il. 
sin B sm ^ 

26. Show that, 

V - 26i6, cos 2ii + V = 4a« cos» A. 

27. If the area of one triangle be n times the area of 
the other, 

~=-^Vn«+l-2ncos2ii. 
c w + 1 

28. If one angle of one triangle be twice the corre- 
sponding angle of the other triangle, show that 

a^3 = 2c sin A, . or 4c* sin' A = a^(a-^ 3c). 



CHAPTER XVL 

Heights and Distances. 

111. In Chapter lY. we gave some illustrations of the 
application of trigonometry in simple cases to determine 
heights and distances. In the present chapter we give 
additional examples, of a somewhat less elementary nature, 
making use of the methods for solving triangles which have 
been discussed in Chapter XY. 

1 13. To find the height of a distant point. 

Let P (see next page) be the distant point, and G the foot 
of the perpendicular from P on the horizontal plane which 
contains A, where the observer is supposed to be situated. 

To measure PC, which will be called A, we may proceed 
in either of three ways, illustrated by the figures. 

(i) Let a line AB = a, called a b<ise line, be measured 
towards PC, and let the elevations of P at ^ and B be 
observed. Calling them a and p, we have since 

a = AC'-BO, 

a = h cot a - A cot fi 

= h (^^ co&p \ _ A sin ()9 - a) 
\sin a sin )3/ " sin a sin)9 ' 



HEIGHTS AND DISTANCES. 



191 



henoe 



- _ a sin a sin J8 
"" sin(j3-q) 




A B O 

Taking logs, we get, 
log A = log a + Z sin a + Z sin )8 - Z sin (j8 - a) - 10. 

(ii) Let AB be measured vertically upwards. Draw 
BD parallel to AC. Then if a and fi are the elevations of 
P at ^ and B respectively, since BD = -4(7, we have 
(h — a) cot fi = h cot n, _,^P 




or 



A = 



acotp __acosj8sina 



cot)3 — cota"" sin(a-/8) 
Taking logs, we get, 

logA = loga + Zcosj8+Zsina-Zsin(a-)8) -10. 
(iii) If it is not possible to measure the base line in 
either of these ways, let it be measured in any other 
direction : let the elevation a of P, be measured at A^ and 
also the angles PAB = y, and PBA = 3, then since 
PA _ AB 
sin 8 sm APB' 
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we have PA = a -r— > sx • also A=ilP sin a, 

sin (y + 8) ' ^ 




hence 



A = a 



Thus h is determined. 



sin a sin S 
sin(y + S)* 



Ex. 1. Observations to find the height of a mountain 
are taken at two stations A and B which are at the same 
height and 4000 feet apart. The elevation of the top at 
A is found to be 60° ; and the angles FAB and PBA are 
found to be 75* and 60* respectively, where P is the top. 
Find the height of the mountain. 
Using the formula 

. sin a sin S 
sm(y + 8)' 

since here a = 4000, a = 8=60*, 7 + 8= 135% 



height required = 4000 




: 4000 X -^= 6000 X ^/2 = 8486 feet nearly. 
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Ex, 2. A tower PQ stands on a hill which is inclined 
to the vertical at an angle a. At two points A and B on 
the side of the hill, in the same vertical plane as the tower, 
the angles subtended by the tower are j8 and y. The 
distance ABia found to be a. Find the height of the tower. 




The angle PQG is given equal to a, and the ang 
PAQ^ PBQ are equal to fi and y respectively. Let h be 
the length of PQ. 

We have from the A PAQ^ 

h AQ . hsin{a-p) .^ 
— . ^ — -A^, 



sin)3 



smy 



sinjS sin(a — ^)' 
and from the A PBQ, 
h ^ BQ 
sin y sin (a — y) * 

A AQ-BQ = a^h&:^-'^^^^:^\, 
I Sin j3 sin y J ' 

which determines h. 

The following example shows the application of logarithms ; in (i) 

let it be given that 

a=1000yds.. a=30^ /3=45S 
then log^=loglOOO+I. sin30°+L sin45°-L sin 16**- 10. 
By reference to Tables we find that, 
£ sin 46<*= 9-84948, I. sin 15"* =9*41299, I. sin 80^= 9*69897, 
from which, log ^=318545 ; and since log 1366 =3*13545, we see that 
^=1366 yds. 

H. T. 13 
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EXAMPLES ZZXIV. 

^. ^ 1. A man observes the elevation of a tower to be 
15**, he walks directly towards it for a distance c, when 
he finds the elevation to be 75°. Show that the height 

^273- 

J 2. The elevations of the tower and spire of a church 
are 30° and 60° respectively; a feet nearer the elevation 
of the top of the tower is 60°, show that the heights of the 
tower and spire are 

^^^ , ^3a feet. 

^3. At a point on a level plain a tower subtends an 

angle a, and a man 6 feet high on its top an anglie c, 

prove --^..^^ 

1 . , X n J. 6 sin>eoaXa + «) ^trsftU^K 

height of tower = .^^^v^ ' . « . ,<. ^ i 

® sine ^N^ S^w(^^ 

4. From the deck of a ship the angle of elevation of 
the top of a mountain is 41°, and from the mast-head it is 
40°. If the height of the mast is 100 feet, find the height 
of the mountain. 

L cos 40° = 9-8842640, X sin 1° = 8-2418553, 

L sin 41° = 9-8169429, log 28797 = 4-4593472. 

'5. At a certain place the elevation of the top of a 
tower is 20°, and 200 feet hearer the elevation is 25°. 
Find the height of the tower. 

L sin 20° = 9-5340517, log 33169 = 4-5207324, 
L sin 25° = 96259483, log 33170 = 4-5207455, 
Zsin 5° = 8-9402960. 
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6. From the top of a hill the depression of the nearest 
point of a circular pond is 48'', and that of the furthest 
point is 45*". The height of the hill above the pond being 
300 feet, find the radius of the pond. 

L sin 45° = 9-8494850, log 14933 = 4-1743215, 
L sin 48° = 9-8710735, log 14940 = 41743506, 
Zsin 3° = 8-7188002. 

7. A man sees a fort 26° N. of E., and after walking 
2000 yards in a direction 40° S. of E. he then sees it 
due N. Find the distance of the fort from his second 
position. 

L sin 66° = 9-9607302, log 20328 = 4-3080947, 
L sin 64° = 9-9536602, log 20329 = 4-3081160. 

8. From the top of a cliff the depressions of two 
buoys in the same vertical plane, whose distance apart 
is known to be half a mile, are 38° and 15°; find the 
height of the cliff. 

L sin 38° = 9-78934, log 2039 = 3-30942, 

Z sin 15° = 9-41299, 
Zsin23° = 9-59187. 

9. From two places on the line of the sea-shore 
5000 yards apart, a ship is seen in directions making 
angles of 35° and 47° with the shore-line. Find its 
distance from the shore; given that 

L sin 35° = 9-7585913, log 21180 = 4-3259260, 
Zsin47° = 9-8641275, log 21181 = 4-3259465, 



X sin 82° = 9-9957528. 



13—2 
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10. A slender tower surmounted by a flagstaff stands 
on a level plain. From a certain point in the plain the 
tower is seen to subtend an angle )8, and the flagstaff an 
angle a. From a second point a feet nearer the base the 
flagstaff again subtends an angle a. 

Show that the height of the tower is 
atsup 
l-tanj8tan(a + ^)' 

11. A man standing on the bank of a river observes 
the elevation of the top of a tree on the opposite bank to 
be 51*, and when he retires 30 feet from the river's edge 
he finds the elevation to be 46", find the breadth of the 
river having given 

log 1-558 = -19263, Xsin46'* = 9-85693, 

log 3 = -47712, Z sin 39" = 9-79887, 

Zsin 5" = 8-94029. 

12. ABGD is a rectangular piece of water whose area 
is required ; but the only measures that can be taken are 
the angles which BC subtends at A and at a point F which 
is 220 feet from A in BA produced, the former angle being 
7V and the latter 55^ Find the length and breadth of 
the rectangle having given, 

log 2-2 = -34242, L sin 1 6' = 9-44034, 

log 2-1285 = -32808, L sin 55" = 991336, 

log6-1817 = -79111, Zsin 71" = 9-97567, 

Z cos 71" = 9-51264. 

13. There are two places A and B on opposite sides of a 
vertical tower situated on a hill ; the distance of A from the 
foot of the tower being a feet, that of B being b feet. The 
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angles subtended by the tower at A and JB are a and P 
respectively. If h is the height of the tower show that 

a + b = h (cot a + cot j8) cos c, 
if € be the slope of the hill to the horizon, and that 

2 sin € = (cot a - cot j8) cos € + . 

/* 

14. AB is a horizontal line whose length is 400 yds. ; 
from a point in the line between A and B a balloon ascends 
vertically, and after a certain time its altitude is taken 
simultaneously from A and B ; at A it is observed to be 
64' 16', at B 48" 20' ; find the height of the balloon when 
the observation was taken, given that 

L sin 64' 15'= 9-9545793, Z sin 48' 20' = 9-8733352, 
L sin 67' 25' = 9-9653632, log 29149 = 4-4646213, 
log 2 = -3010300. 

15. An observer is situated in a boat vertically beneath 
the centre of a suspension bridge. He finds that its length 
subtends at his eye an angle 2ou At another point distant 
a down stream which is immediately opposite the centre of 
the bridge, he finds it subtends an angle 2j3. Show that 
the length of the bridge is 

2a 
\/cot^ P — cot^ a 

16. A man observes that when he has walked c feet up 
an inclined plane the depression of an object beneath him, 
in the horizontal plane through the foot of the inclined 
plane is a ; after he has walked a further distance of c feet 
he finds its depression to be fi. 

Show that the inclination of the slope to the horizon 
is Of where 

cot ^ = 2 cot ^ — cot a. 
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17. A coast-guardsman standing on a cliff observes a 
ship due west of him whose depression is a. An hour 
later the ship is due south and its depression is j3. If 
h feet is the height of the cliff show that the ship is moving 
at the rate of hjcoi? a + cot' fi feet per hour. 

113. To find the distance between two inaccessible 
points. 

Let P and Q be the two objects, and let any base line 
AB — a be measured, the points A and B being so chosen 
th&t F and Q are both visible from each of them. 




At A measure the three angles PAQ = a, QAB = p, 
FAB = y; it should be observed that the triangles PAQ, 
QAB are not in general in the same plane, if they are 
we have y = a + j8. 

At B measure the angles PBA = 8 and QBA = €. 

From the two triangles ABP, ABQ, we have 

sin 8 



AP=a 



sin(y+8)' 
sine 



AQ = a- — 7^ — c . 

Thus AP, AQ are determined by the formulae 
log -4/* = log a + 2^ sin 8-Z sin (y + 8), 
log AQ = log a + Z sin € - Z sin (j8 + €)• 
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In the triangle FAQ we now know AP, AQ and the 
angle FAQ, or a. 

We therefore find the angles APQ, AQP, as in Art. 105, 
thus 

Lt&n^^^^^^^ = Lcot^-hlog{AQ-AP)--\og{AQ-^AP), 

APQ-\-AQP=: 180" --a. 
And PQ is then found by use of the formula 
logPC=log^P + Zsina-Zsin^$P. 



EXAMPLES. ZXXV. 

1. A ship S is observed simultaneously by two ob- 
servers at two points A and B on the line ABG of the 
shore, distant one mile from each other. At a given time 
the angles GAS, CBS are observed to be 27° 8' and 32" 22' 
respectively. Half an hour afterwards the corresponding 
angles are 55" 35' 51" and 62" 22'. Show that the distance 
traversed by the ship in the interval is 3*7 miles nearly, 
having given 

L sin 55" 35' 51" = 9-9165007, 
Zsin 6" 46' 9" =90714016, 
Z sin 27" 8' =9-6590246, 

Zsin 5" 14' =8-9600517, 
log 5 = -6989700, log 7 = -8450980. 

2. A, B, Cf D are four points in the same horizontal 
plane. At A the angles a and fi are subtended by CD 
and CB, at B the angles a and y are subtended by CD 
and DAy and AB is known to be a. Show that 

(72> = a sin a-i-sin (a + ^ + y). 
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S, In a survey it is found necessary to continue a line 
AB beyond an obstacle at £, A line BD is measured at 
right angles to AB, and from D lines DP, DQ are drawn 
which clear the obstacle. The angles BDP, BDQ are 
measured and are found to contain 41** and CS*" respec- 
tively, and the distance BD is 180 yards. 

What lengths must be set off along DP and DQ to 
ensure that PQ will lie in the prolongation of AB, 

log 1-8 =-255273, Z cos 41 "^ = 9-877780, 
log 2-385 = -377488, L sin 22" = 9-573575, 
log 4-805 = -681693. 

4. A person walking along a straight road watches 
two spires till they appear in the same straight line, and 
finds that this line makes an angle p with the road. From 
the point where this is the case he walks a yards, when the 
nearest spire lies in a direction perpendicular to the road, 
and at this point he observes that the angle subtended by 
the two spires is a. Show that the distance in yards 
between the two churches is 

J cos a 1 ) 

Icos (a + P) cos p] ' 

5. The angular elevation of a column viewed from a 
station due north of it being a, and from a station due east 
of the former station and at a distance c from it being fi, 
show that the height of the tower is 

c sin a sin fi 
J sin (a + ^) sin (a - /?J 

6. At one end of a base line one mile in length the 
elevation of the top of a mountain is observed to be 5* 25', 
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and the angle subtended by its summit and the other end 
of the base line to be 93" 22'. 

At the other end of the base line the angle subtended 
by the top and the first station is 75°. Find the distance 
of the first station from the top and show that 6*782718 x 352 
is the vertical height of the mountain in feet, having given 
that Zsin75'' =9-984944, log 15 =1176091, 
L sin ll'' 38' = 9-304593, log 67*83 = 1*831422, 
. Zcos 5" 25' = 9*998056, log 67*82 = 1-831358, 
Zsin 5*^25' = 8*974962, log 71*54 = 1-854549, 
log 71*53 = 1*854488. 

7. At each end of a base line of length 2a it is found 
that the angular altitude of a certain peak is ^, and at the 
middle point of the base the altitude is ^. Prove that the 
vertical height of the peak above the plane is 

a sin ^ sin ^ 
^/sin(^ + <^)sin(^-^)' 

8. A light-house facing K. sends out a fan-shaped beam 
extending from N.R to N.W. A steamer sailing due W. 
first sees the light when 5 miles away from the light-house 
and continues to see it for 30,^2 minutes. What is its 
speed? 

9. On the top of a chimney of height h the angles of 
depression of two objects A and B on the horizontal plane 

TT TV 

are j — a and 7 + a, while the angle subtended by AB 

is 2a. \A and B are not in a line with the foot of the tower.] 
Show that 2/t tan 2a = AB. 

10. A flagstaff stands in the middle of a square tower. 
A man on the ground opposite the middle of a side of the 
tower, and distant 100 feet from it just sees the flag; 
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receding another 100 feet the elevations of the tops of the 
tower and flag are a and )8 respectively, where 

tana = ^, tan)8 = |^. 

Find the heights of the tower and flagstaff. 

11. The elevation of a tower from a point A due N. of 
it is observed to be 46', and from a point B due E. to be 
30\ If AB =2iO feet, find the height of the tower. 

12. If from a point at the foot of the mountain, at 
which the elevation of the observatory on Ben Nevis is 60°, 
a man walks 1900 feet up a slope of 30°, and then finds 
that the elevation of the observatory is 75°, show that the 
height of Ben Nevis is nearly 4500 feet. 

13. A man stands on the top of a wall of height h feet 

and observes the elevation of a telegraph post to be a, he 

then descends from the wall and finds the elevation to be 

^, show that the height of the post exceeds that of the man 

_ hBinBcosa. . 

by . ,a r feet. 

^ sin(^-a) 

14. A tower stands at the foot of a hill whose inclina- 
tion to the horizon is 9°. From a point 100 feet up the hill 
the tower is seen to subtend an angle of 54°. Find the 
height of the tower. 

15. A light-house is seen N. 20° E. from a vessel sailing 
S. 25° E. and a mile further on it appears due N. Deter- 
mine its distance at the last observation, having given, 

L sin 20° = 9-534052, log 2 = -3010300, 
log 206 = 2-313867, log 207 = 2-315900. 

16. From the top of a hill the depression of a point in 
the plain below is 30°, and from a spot three-quarters of 
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the way down the depression of the same point is 15', if a 

3 



is the inclination of the hill show that tan a = 



3^3-2- 



17. A tower is situated on a horizontal plane at a 
distance a from the base of a hill whose inclination is a. 
A person on the hill, looking over the tower, can just see a 
pond, the distance of which from the tower is b. Show 
that, if the distance of the observer from the foot of the 

hill be c, the height of the tower is = . 

° a + 6 + c cos a 

18. A column lying prostrate on a horizontal plane 
subtends a right angle at the summit of a tower standing 
on the plane, the angles of depression of the ends of the 
column being a and p, prove that if h is the height of the 
tower, 

length of column = h (cosec* a + cosec'^)*. 

19. Two stations A and B are in the same vertical 
plane with a third station C, The altitude h oi A above 
the horizontal plane through C is known, and that of B, 
(H) is required. 

The inclinations of ACy BG, AB to the vertical are 
observed to be respectively a, ^, and y. Prove that 

^^^c^ 8m(y-a) 
COS a sm (y — p) 

20. Two land-marks exactly N. and S. of one another 
are separated by a river. A person walks due^W. from 
one of them a distance a, and then a further distance 6, he 
finds that the angle subtended at his eye by the objects in 
the first case is three times the angle subtended in the second 
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case. Show that the distance between the land-marks is 
equal to 



<«^^)y^ 



-2a 
Ya 



21. There are three telegraph posts -4, B and (7, 100 
yards apart. A man at P observes the angles AFB^ BPG 
to be 44* 42' 3" and W 17' 57". Find the angles PAB and 
PGB, and also his distance from B^ having given that 

L tan 32'* = 9-79678, log 3 = -47712, 

L tan 12*^ 42' 3" = 9-35301, log 1420 = 315229, 

L sin 88*' = 9-99973, log 1421 = 3-16259, 
Z sin 44U2' 3" = 9-84721. 

22. On a wide plain there stand two distant pillars C 
and D, At two stations A and B observations are made 
and it is found that at A the angle subtended by BD is a 
right angle, while the angles DAC, ABJD and GBD are 
each equal to a. 

If AB = a, show that GD = a tan a. 

23. A pole standing in a horizontal plane leans over 
towards the S. At equal distances due N. ejid S. of it, 
the elevations of its summit are a and fi. Show that it is 
inclined to the vertical at an angle 0, where 

2 sin a sm p 

24. A column stands on a flat plain on which three 
stations A^ B, and C, are taken in a straight line with the 
foot of the column ; AG i& equal to a, and BG to b. The 
column viewed from A subtends an angle 20, viewed from 
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B an angle « *" ^> ^^^ irom C an angle 0. Show that the 

height of the column is ^ (^ + o) (^ ~ o ) • 

25. A person in a ship observes that the line joining 
two buoys at sea subtends an angle a. The ship then sails 
a distance a in a direction at right angles to the line 
joining the buoys and it is found that the angle subtended 
is the same as befora When she has sailed a further 
distance c she is in a line with the buoys, prove that the 
distance between the buoys is (a + 2c) tan a. 

26. A tower on the side of a hill is observed to subtend 
the same angle at two points on the same side of it on a 
horizontal plane. Show that if the elevations of the top of 
the tower at the two places are a and )8, its height is 

a cos (a + P) 
sin(a-)8) ' 
where a is the distance between the points, which are in 
the same vertical plane as the tower. 

27. Prom each of two points A and B on the same 
horizontal plane the top of a tower C and the peak i> of a 
mountain are observed to subtend the same angle a, and 
from the point G^ AB subtends the angle y. Also p is the 
altitude of the tower, from a point in the horizontal plane 
in which A and B lie, at which the top of the mountain is 
seen just behind G. 

Show that the height of the mountain is greater than 

that of C by ^.g ^^"""^ . 
siny 

28. A building on a square base ABGD has two of its 
sides AB and GD parallel to the bank of a river. An 
observer standing on the opposite bank in the same straight 
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line with DA^ finds that AB subtends at his eye an angle of 
45°. Having walked a yards along the bank he finds that 
the side DA subtends an angle whose sine is ^. 

Show that the length of each side is -7^ yards. 

29. A man ascends the slope of a hill inclined at an 
angle a to the horizon, and twice during the ascent at 
vertical heights a and h above the level of the plain he 
turns round and observes the angle of depression of the 
top of a tower standing on the plain directly in front of 
him. If p and y are these angles, show that the height of 
the tower is 

{6 (cot a — cot y) - a (cot a — cot )8) } -f (cot )8 — cot y). 

30. The angular elevation of a tower at a place A due 
south of it is 30°, and at a place B due west of A^ and at 
a distance a from it, the elevation is 18°, show that the 

height of the tower is . 

V2n/5 + 2 

31. Two poles a and h feet long respectively are placed 
vertically in a horizontal plane so as to subtend the angle 
a at a point in the line joining their feet. 

If P and p be the angles which they subtend at any 
point in the horizontal plane at which the line joining 
their feet subtends a right angle, show that 

{a+hf <iot^a = a^ cot^^ + h^aot^p, 

32. The angular elevations of a balloon were observed 
simultaneously from three stations A^ B and C in the same 
straight line, and found to be a, )3 and y. If AB = a, 
BC =^Ci AC = b, show that the height of the balloon is 



J. 



(tbc 



a cot* y + c cot* a — b cot*)8 ' 
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33. Three towers of heights a, b and c stand in the 
same straight line at distances d and e, prove that they 
cannot subtend equal angles at any point in the plane 
unless 

{a^-b^)e is >(6»-c»)rf. 

34. The plane side of a hill which runs E. and W. is 
inclined to the horizon at an angle a. It is required to 
construct a straight railway on it inclined at an angle p to 
the horizon. Show that the point of the compass towards 
which it will be directed is 0"* W. of N., where 

cos ^ = cot a . tan p, 

' 35. A flagstaff on a tower is observed from two points 
in the same horizontal plane, one due S. and the other due 
E. of it, and is seen to subtend the same angle at each 
point. The angles of elevation of the top of the flagstaff 
are measured at the same time and are found to be a and 
)8, where tan a = a, tan j8 = 6. If c be the distance between 
the points of observation, show that the height of the 



flagstaff = c . 



s/^^T^' 



36. An inaccessible tower stands in the centre of a 
circular enclosure, and its angle of elevation as observed 
from a point A on the circumference of the circle is m". 
Also the angle between the two lines drawn from A to the 
base of the tower and to a point F on the circumference is 
n". The arc AF is measured and found to be a yards. 
Show that the height of the tower in yards is a tan m -r- 20, 
where is the circular measure of the complement of n, 

37. From a house on one side of a road observations 
are made of the angles subtended by the houses opposite, 
first from the level of the road and next from a room 
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window at a height c. If these angles are a and p show 
that hy the height of the house, is given by the equation 

(? c 

v-j - T = cot )8 cot a - cot^ a. 

38. A man walking along a straight road which runs 
in a direction 30* to the E. of N. notes when he is due S. 
of a certain house. When he has walked a mile further, 
he observes that the house lies due W., and that a windmill 
on the opposite side of the road is N.E. of him. Three 
miles furthiBr on he finds that he is due N. of the windmill. 
Find the distance between the house and the windmill, and 
show that the line joining them makes with the road an 
angle whose tangent is 

48-25^3 

n • 

39. The sky being covered with a stratum of cloud 
one mile above the earth, if the altitude of a point on the 
edge of a cloud be a, show that its distance from the eye, 
in miles, is nearly 

1 /- _ cot^aX 
sinaV 2N J' 
where i\r= number of miles in the earth's radius. 

40. Using the notation of Art. 113, show that the 
area of the quadrilateral ABQP is 

a' sin y sin € sin ()8 + 8) ^ 

2sin(/3+€)sin(y + 8)* 

the points A^B, F^ Q, being supposed all in the same plane. 

41. In the middle of a field which has the shape of an 
equilateral triangle there stands a tower 200 feet high. 
From the top of the tower each side of the field subtends 
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an angle whose cosine is ■^. Show that the length of a 
side of the field is nearly 424 feet. 

42. A statue on the top of a pillar situated on level 
ground is observed to subtend the greatest angle a at the 
eye of an observer when his distance from the pillar is c 
feet ; prove that the length of the statue is 2c tan a feet. 

43. A large cylindrical column lies on the ground. 
An observer notices the angle subtended by the section of 
the column at the level of the ground to be a. On ap- 
proaching a feet nearer, the angle subtended is found to be 
ft. Show that the radius of the column is 

, a , B 
a sin s sin ^ 

sin^ 

44. From a certain station the elevation of a mountain 
peak in the N. E. is observed to be a. A hill in the 
E.S.E. whose height above the station is known to be A, 
is then ascended, and the mountain peak is now seen in 
the N. at an elevation p. Prove that the height of its 
summit above the first station is h sin a cos j3 cosec (a — fi). 



H. T. 14 



CHAPTER XVII. 



Properties of Triangles. 



114. The circumscribed circle of a triangle. 

To find the radius of the circle circumscribing a 
triangle, or, as it is called, the circum-circley we proceed as 
follows : — 




Let be the circum-cerUre ; draw OD perpendicular to 
the side JBC of the triangle ABC, then D is the middle 
point of BC, and lBOD^A. Let i? be OB, or OC. 

Since BD = OB sin BODy we have 



\a = RsmA, or jR = 



2sinil 



.(1). 
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... a abc abc 

Also since ^r-; 7 = jTT — -. — ^ = xa > 

where S is the area of ABO, Art. 89. 

We have i? = g (2). 

Notice that 0/> = 05 cos -4 = jR cos ^. 

115. The inscribed and escribed circles. 

Four circles can be described so as to touch the three 
sides of a triangle ; the inscribed circle, or in-drcle, touches 
each side internally. Its centre / is the point of inter- 
section of tile lines bisecting the vntemcbl angles of the 
triangle. Euc. iv. 4. 

The three points /j, /j, /,, where the external bisectors 
intersect^ are the centres of circles each of which touches 
one side of the triangle and the other two sides produced. 




We know that I A, IB, and TO being produced pass 
through the points I^ /g and /g respectively. Hence we 
observe that 

14—2 
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(i) Ally ^^ay ^^3 ^^^ *^® perpendiculars from the 
vertices of the triangle Iil2h on the opposite sides. 

(ii) / is the orthocentre (or intersection of perpen- 
diculars), of the triangle /i/j/s- 

(iii) The circum-circle of ABC is the nine-point circle 
of/iV». 

Hence this circle passes through the middle points of 
its sides and also through the middle points of IIi, //s, 
and //,. 

116. Badii of the inscribed and escribed circles. 

If r is the radius of the in-circle, and Ti that of the 
escribed circle which touches the side a; we* shall show 
that 



S 



S 
8 — a' 



Let ff, Jy K he the points of contact of the in-circle 
of the triangle AJBG. 




Then aIBC + jMCA+/MAB = S. 

Now AIBC= \IH. BC= ir . a, 

AlCA==llJ.CA = lr.b, 
l^IAB = llK.AB=^lr.c; 



.(3). 
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Again let H^, J^, K^ be the points of contact of the 
escribed circle whose centre is /j. 




Then Al^AC + Al^AB-Al^BO = S, 

Also A/i^(7 = J/iJi.-4{7 = Jri.6, 

A I^BG = J/iJTi . A£ = ^r^c, 
A I^BC = J/jiTi . JBC = ina, 

/. S = ir^{b + c-a) = r,{8-'a) (4). 

In the same way we find that 

S = r2{8-b) =rs{8-c). 

117. The lengths of the lines intercepted between 
the vertices and the points of contact of these circles are 

8, 8 — af 8 — bf 8 — c. 

For in the first figure of the last Article, since 

^AK+BG=^ {BG + (7-4 + AB) = «, 

.'• AK = AJ=8^a, 

Sinularly Bff=B£:=8^b, 

CJ=GH=8^c. 
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And in the other figure, since 

Also BK^ + AB = AK^ = 8, 

:. BKi^Bff^^a-c. 
SimUarly CJ^^GH^-^a^K 

118. Other expressions for the radii of the inscribed 
and escribed cirdles may be obtained. Thus, referring to 
the first figure of Art. 116, 

a = -fiir + irC = r (cot JJ? + coti(7) 

. B^G A 

sin — ^ — costt 



sin ^ sin 2 sin ^ sin 2 

whence r=asm-^ sin-^ sec-^ (5). 

Combining the formulae (1) and (5) we obtain 

r = 4i?sin^ sin ^ sin -^ (6). 

Also since r equals each of the expressions 

AJissi^, ^JSrtan^, OiTtan^, 

we have 

A B G 

r = (*-o)tan^ = («-6)tan2 =(«-c)tan^...(7). 

Similarly from the second figure 

a = ^i7i + Ciri = ri(tan J^ + tan JC) 

. B^G A 

sin-^ cos 2 

= r. n 5? = r. 



B — c==^^-T — 5' 

COS^COS^ COS^COSj 
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1, BOA 

whence rj = a cos ^ cos jr- sec -5 (8). 

*Ji ^ Ji 

Combining (1) and (8) we have 

ri= 4icsm-^ cos ^ cos ^ (9). 

And since r^ equals each oi the expressions 

ABC 
ilZitan^, BEiCot^f CJjCot^, 



we have 



ABC 
ri = «tan^ = («-c)cot^ =(s-6)cot-^ ...(10). 



EXAMPLES XXZVL 

1. Find the radii of the inscribed and escribed circles 
of the triangles whose sides are 

(i) 4, 6, 8. (ii) 7, 10, 15. (iii) 5, 7, 10. (iv) 4, 6J, 3^. 
(v) 5, 6, 9. 

In any triangle ABG prove the following : 

2. ri + r^ + r^-r = 4:Ii. 

o 1 1 1 1 

Ti rj rg r 

5. Vi^r cot -^ cot ^ . 

6. rrj-rargtan'^. 
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7. Prove that the following expressions are each equal 
to^. 

(i) Vrr-iVs. (ii) ^^1^37. 

(m) r.r^^-— j;A±_L/. (ly) r^r, tan ^ 

(v) r^ cot -^ cot -^ cot -5 . 

8. Prove the following expressions for the sides and 
angles of a triangle in terms of the radii of the escribed 
circles. 



(a) a = 



Jr^r^ + nri + rjT^ 



(P) sin^ = 






(y) sin -d = zvi -. r-^ ^r- . 

(8) cos ^ = —2;^ . 

Show that 

9. 16^rrir2r, = a'6V. 

* rjra + rjri + rira 

11. If the diameter of an escribed circle is equal to 
the perimeter of the triangle, the triangle is right-angled. 

12. In an equilateral triangle whose side is a, show 
that 

13. If 6 = c prove that 
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14. If the escribed circle which touches a is equal to 
the circum-circle, prove that 

cos A = cos B + cos G, 

15. Prove that 

r*! (r, + rj) cosec A^r^ {r^ + r^ cosec J5 = r, (r^ + r^ cosec C. 

16. In the triangle HJK show that the sides are 

ABC 
2(«-a)sin-2, 2(«-6)sin2-, 2(«-c)sin2; 

and that the angles are 

90--^. 90'-|, 90--^. 

17. Show that the area of the triangle HJK is 
equal to 

28 ^-^— i — '-^ , and its circum-radius to — . 

CLOC 8 

18. Prove that 

lA-r cosec -^ , I^A = r^ cosec -^ , 

-4 -4 

//jsasec-^-, /j/8 = acosec-^, 

19. Show that the area of IiIJ^ is -^r- . 

20. Show that the radius of the circle round any one 
of the four triangles formed by joining the centres of the 
inscribed and escribed circles is double of R. 

21. Prove that the areas IJJ^, IJJ. IJJ, IJJ, are 
inversely as r, rj, r,, r,. 

22. If did^^ be the distances of / from the angular 
points of a triangle, show that 

ahc " s' 
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23. Show that the radius of the circle circumscribed 
to the triangle BOG \&\RbqgA, 

24. The radius of the circum-circle of IBG is 

1 ^ 

Jasec-g. 

25. In the ambiguous case, where a, ft, A are given, 
show that 

(^-i)(s-«»'i)-'. 

rirj = ft (6- a) sin^-g, 

ri, r, being the radii of the inscribed circles of the two 
triangles. 

26. Prove that the circum-circles of the two triangles 
in the ambiguous case are equal in magnitude; also that 
the distance between their centres is (ft^cosec^-5-a*)*; 
a, ft, B being given. 

27. Show that 

IA.II^ = IB.II^ = IC.II^ = ^Rr. 

28. If a, ai, Og, a, are the distances of the centres 
of the inscribed and escribed circles from -4, and p is the 
perpendicular from A on BC^ prove that 

aaiOja, = 4/2*^, 
a« + ai* + a2« + a8«= 167^2, 

11114 

— I 1 1 = — • 

a^ a^ a^ a,* p^ 
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119. The medians. 

The lines AD, BE, CF, joining the angular points of a 
triangle to the middle points of the opposite sides, are 
called the mediana. 

The length of AD is given by the well-known geo- 
metrical theorem 

il^ + il(7»= 2 {AD^ + BD^) ; 

thus the squares of their lengths are given by 

(11). 

Let M^ denote the angle ADC, then 

cot M^ = -j^, where ^Z is perpendicular to BG. 

A 




B O L 

Also Z>Z = i {BL - CL), therefore 

cotM^=^\^^^jf^ = \{QotB-QotO)..,{U), 

The point O where the medians intersect one another 
is called the centroid of the triangle. It is well known 
that G divides each of the medians in the ratio 2:1. 
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Examples. 



1. If the angles BAD, GAD are B and <^ show that 



-^ — = , and deduce that tan — ^r-^ = 

be 2 



b-c^ A 

7 tan-jr-. 

b + c 2 



2. Show that m^= be cos A + ^', and sin BGC = jj 



3 S 



3. Prove that the radius of the circle circumscribing 
the triangle BGG is equal to ^^ . 

120. The bisectors of the angles. 
Let a and o^ be the points where the internal and 
external bisectors of the angle A meet the opposite side 
BG. Lety* and/' be the lengths of ila and Aa^ respectively. 
To find the positions of a and a^ we have by Euc. vi. 3 
Ba _BA _c 
Ga^GA "y 



And Ba+ Ga = a; hence Ba = 



b + c' 



Ga = 



ab 
b + c' 




In the same way, by Euc. vi. 3 a, 
Boj^BA _c 
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And Boi - Coj = a ; hence 

ac ah 

To find the lengths^ f we have, since 
2£.AGa-v2AABa=2S, 

fh sin - +/c sin g- = 2S, 
:. /=2^-f{(6 + c)sin||. 

- Similarly /' = 2S-^ Uc - b) cos j\ . 

rm. £ 26c -4 ., 2bc , A ,-„. 



121. The pedal triangle. 

The triangle LMN formed by joining the feet of the 
perpendiculars AL^ BMy GN from -4, B^ G on the opposite 
sides, is called the pedal triangle of ABG. The perpendi- 
culars intersect in the same point P called the artkocen^e. 




We can find the lengths of the sides of the triangle 
LMN as follows : 

MN^ = AN^ + AM} - 2AM. AN cob A. 
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And AN =h cos A, AM=. c cos -4, therefore 

MN^ = (b^ 4- c» - 2bc cos A) cos' ^ = a' cos'* A. 
Thus the sides of the pedal triangle are 
a cos Ay h cos -5, c cos C 
Since a circle can be described round the figure PLMG^ 
because the angles at M and L are right angles, therefore 
L PLM^ L PGM= 90' - A, 
For a similar reason l PLN= PBN= 90" - A. 
Hence the whole l NLM= 180° - 1A ; thus the angles 
of the pedal triangle are 

180' -2ii, 180"* -25, 180' -2(7. 
Observe that P is the centre of the inscribed circle of 
the triangle LMN, 

The pedal triangle of Ixl^l^ is ABG, 

Examples. 

1. Prove that the area of the pedal triangle is 

2S cos A cos B cos (7. 

2. In the triangle LMN show that 

(i) Ay By are the centres of its escribed circles. 

R 
(ii) Radius of circumscribed circle is -^ . 

(iii) Badius of inscribed circle is 2i? cos ^ cos jS cos G. 
(iv) Radii of escribed circles are 

2i? cos ^ sin 5 sin (7, &c. 

122. The distances between special points. 
As before let P be the orthocentre, the centre of the 
circum-circle, / of the in-circle, I^ of one of the escribed 
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circles, G the centroid, and let TJ be the centre of the nine- 
point circle. 

"We know that 0, G^ P all lie in one straight line, and 
PG = 20G ; the point U also is the middle point of OP. 

Also OA = R \ and AP being twice the perpendicular 
OD, from on BG^ is 2^ cos A, 




A SO 

AT= r cosec -^ = 4i? sin ^ sin — , from (6), 

AI\ = ri cosec — = 4E cos -jr cos jr , from (9), 

We can now find expressions for the distances of the 
points 0, /, P, /i, TJ^ from one another. 

(i) To find 01 ^h. 

We have ^^AO' + AP^-^AO.AIco^OAI, 
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hence 

8» = ^ {1 + 16 sin^ ^J5 sin^a - 8 sin J^ sin J(7 cos 1(5 - C)}, 
or 

8« = ^{l-8sini5sin|(7(-2sinJ58in|C7 + cosJ(5-C))} 
= ^ ( 1 - 8 sin J^ sin J5 sin |{7), 

thus ^^B^'-^Rr (14). 

(ii) To find 01^ = ^, 

We have h^ = A0^ + AI^^-2A0,AI^co^0AI^, 
hence 

8i'»=i2«{l + 16cos2J5cos4(7-8cosi5cosJCcos|(5-{7)}, 
or 

8i^ = ^ {1 + 8 cos \B cos \G (2 cos \B cos \G - cos ^{B- C))] 
= ^ {1 + 8 sin \A cos ^B cos JC}, 

which gives h^=^B? + 2Rr^ (16). 

(iii) Tofmd OP, 

From the triangle OAP we have 

OP^=OA^ + AP^--WA.APQmOAP 

= JS^ {1 + 4 cosM - 4 cos^ cos {B - (7)}, 
which gives 

0i» = ^(l-8cos^cos5cosa) (16). 

(iv) To find IP. 

IP'=:AF'+Ar^2AP. AI COS lAP 
= 4:B^co^A + UB:^sm^Bsm^C 

- 16^ cos il sin J5 sin JO cos ^ (5 - (7), 
hence 

IP" = 4^ {cosM + (1 - cos B) (1 - cos (7) 

- cos^ sin5 sin (7 - cos-4 (1 - cos B) (1 - cos G)], 
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or 

/P=4i2»{(l -cosil)(l -cos5) (1 -cosC)-cosil cos^cosC} 
= 2r*-4^cosilcosjBcosC7 (17). 

(v) To find lU. 

We have IIP = \IP^ + ^/0> - \0P\ 
hence 
/i7« = r*-2JS2cos^ cos ^cos (7 + ii2"-i?r 

- Ji2»(l - 8 cosil cos J?cos (7) = r" + J^-^r, 
thus IU^^{r'-\Rf (18). 

From this it follows that lU = ^R -r; similarly it may 
be shown that 

IiU=r,-^^R', I,U=r^ + iR; I^U^r^^-\R. 

Now \R is the radius of the nine-point circle; thus 
since IU=^R-r, the distance between the centres of the 
in-circle and the nine-point circle, is equal to the difference 
of their radii, therefore these circles tottch. 

For a similar reason the nine-point circle touches each 
escribed circle. This is called Feuerbach's Theorem. 

EXAMPLES XXX ViL 

Prove the following results. 

1. wh' + »Wj» + m,« = f (a» + 6« + c«). 

6— c c—a a—h ^ 

2. + + =0. 

ri r. r, 

3. 2i?= (acos-4 + 6 cos jB + c cos (7) ■?• 2 sin A sin B sin (7. 

*• Ai^"^ Bi^^ ci;' ' 

H.T. 15 
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5. If the sides of a triangle are 17, 25, 26 feet, show 
that: 

(i) its area is 204 sq. feet, 

(ii) its circum-radius is 13 feet, 6^ inches, 

(iii) its in-radius is 6 feet. 

(iv) radii of escribed circles are 12 feet, 25| feet, 
22f feet. 

6. The sides of a triangle are a and 2a, and they 
include a right angle, show that if r^ and r^ are radii of 
escribed circles touching them r^r^ = a^ 

7. In an isosceles triangle 

3^ 

^^2^7 S» 



sin ^ cos jr 



where a is the base. 



8. If D and a are the points where the bisectors of 
the side a and the angle A meet that side, show that 

a b^c 
2 6 + c 

9. If pi, ps, ps are the radii of the circles circumscribing 
the triangles AJEy BKH, CHJ, where H, J, K are the 
points of contact of the inscribed circle, show that 

10. If pif jpi, pz are the perpendiculars from the 
vertices on the opposite sides, and qi, q^, q^ from the centre 
of the circum-circle, prove that 

Pi Pi Pi 
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11. The in-circle touches JB in, K, and the circle 
whose centre is I^ touches AB in K\ if AK, KB, and BK' 
are in geometrical progression, show that 

tan^g^tan^tan^. 

12. If two circles touch externally, and is the in- 
clination of their common tangent to the line joining their 
centres, show that 

where a and h are the radii ai the circles. 

13. If o, )8, y be the points where AI, BIj CI meet 
the sides, 

AI,BI.CI _ (b-i-c)(c + u){a + b) 
al.pi.yl abc 

14. Show that the radius of the circle which touches 
the sides b and c and the inscribed circle is 

l-sin^ 

r- -7. 

l + sin^ 

15. Show that the area of the triangle whose sides are 
6 + c, c-^-a, a + bf is *J{a + 6 + c) a6c ; and tiiat if p is its 
radius, p' = 2Rr. 

16. If di^ d^i <4 ^^ tbe distances of any point on the 
circum-circle from the vertices of the triangle ABC 

abc abc 



di" d^" d^ did^ ' 

17. If sin* :^ + sin» I = i, then wiU (2r - Ry = 4i?» - c«. 

15—2 



228 TRIGONOMETRY. 

18. If P is any point on the circum-circle 
AF^&in 2A + ^i«sin 2B + (7P» sin 2C 

= 2R* (sin 2 A + sin 2B + sin 2G). 

19. Show that the perimeter of the pedal triangle is 

4:B sin il sin ^ sin (7. 

20. The line joining the angle ^ of a triangle to D 
the middle point of the opposite side makes angles and ^ 
with A£, AG respectively, show that if ^Z> = tWi, 

2mi cos ^ = (o + c) cos -^ . 

ABC* 

21. If 4 cos ^ cos -^ cos -^ = 1, then will S=Br. 

22. The sides of the triangle formed by joining the 
centres of the circles £00, 00 A, AOB are as 

sin 2A : sin 2B : sin 20. 

23. If AL, BM, ON meet the circum-circle in L\ M\ 
N\ show that 

AL' BM' ON' 
AL'^TM'^ ON^^' 

24. If ^ m, n be the distances from the angular points 
of a triangle to the points of contact of the inscribed circle 
with the sides, the radius of the inscribed circle is 



/ Imn \i 



25. If / is the radius of the circum-circle of the 
triangle ABOj where is the centre of the circum-circle 
of ABO, the distance of the common chord of the circle 
ABO and the in-circle from is r* -r- 2r' where r is the 
radius of the in-circle of ABO. 

26. If the centre of the in-circle be equidistant from 
the centres of the circum-circle and the orthocentre, prove 
that one angle of the triangle is 60*. 



CHAPTER XVIIL 

Properties of Quadrilaterals and regular 
Polygons. 

1 23. Let ABGD be a convex quadrilateral ; denote 
the sides AB^ BC, GD, DA by a, h, c, d respectively, and 
the diagonals AG^ BD by x and y , also let lA + lG = 2a, 
and let ^ be the angle between the diagonals. 




B 6 

We shall find an expression for the area S of the 
quadrilateral in terms of a, b, c, d and a. 
We have 

y« = a« + f^ - 2ad cos -4 = ft^ + c* - 26c cos C, 
therefore 

J (a* + <jP - 6' - c*) = <wf cos -4 - 6c cos (7, 
also 2/S'=ac?sin J +6csinCl 
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Square and add each side of these equations, we get 

= a'flP + 6^c^- 2(d>cd{co8 AcosC-BinA sin (7), 
and since 

cos ^ cos — sin -4 sin = cos 2a = 2 cos^ a — 1, 

we have 

i(a» + c^-6«-c7 + 4/S'»=a^(^ + ftV + 2a6crf-4a6<^cos»a, 
or 16>S'» = 4(acf+6c)»-(a» + ei»-6^-<r»)»-16a6crfcos»a; 
now putting a + b + c + d=28, 

we see that 
i{ad + bcy^{a' + (P-'b'-c'y 

= {2{ad + bc) + a' + (P-b^-c'\{2{ad + bc)-a''-d^+b^-^e'\ 

= {{a + df^{b-cy}{{b + cy-{a^dy} 

= 16(«-c)(«-6)(«-^)(«-a), 
therefore 

S''={8--a){8-b){8-c)(8^d)-abcdco8^a..,.{l). 

124. In the case of a cyclic quadrilateral, that is a 
quadrilateral inscribable in a circle, we have 2a=ir, thus 
S^={8-a){8-b){8-c){8''d) (2). 

If the quadrilateral can have a circle inscribed in it we 
have a + c = b + d = 8, therefore 

{8 ^d){8 — b) (« — c){8 — d) = cibcdf 

hence S^ = ahcd sin' a (3). 

If the quadrilateral is capable of having circles both 
circumscribed and inscribed, since then a = ^ , 

a^J^thcd. (4). 
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1 25. We can easily find the lengths of x and y in a 
cyclic quadrilateral as follows, 

a^ = a« + 6«-2a6 cos -8, 
a!» = (r»+c^-2crfcosi>, 



hence 



since 



hence 



ic" 



\ab'^ cd)" 



+ 



ah ^ cd 

cos ^ + cos 2> = 0, 

, (oc + 6cg) {ad + 6c) 
"" ab-^cd 




Similarly it may be shown that 

^_ (^Jthd)(ab'^cd) 
^" ad^hc 

X ad+bc 



Thus, 



x^=zac + bdy 



y ah + cd' 



126. Expressions for the area of any quadrilateral 
may be found in terms of a?, y, and ^, as follows: 
A ABD^^AO. £0 sia i^-^^AO. DO ain {ISO -<f>) 
= IaO am ^{BO-b DO) 
^ ^AO . y Bia <l>. 
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Similarly A BCD = JCO . y sin ^, 

hence 

S^ A ABD-^ £^BGD = ^vaiL4,{A0 + C0) 



or 



^=i^sin^. 



Again 

20i4 . 0^ cos ^ = Oil»+ 05»- a«, 

20C. Oi> cos ^ = 0(7*+ Oi>'-c», 

20J . 0Z> cos ^ = c^ - Oil'- 02)», 

20^. OC cos ^ = ft*- 0^ - 0(7«, 

hence adding each side of the four equations, 
2ay cos ^ = J* + cf"-a*- c*, 

therefore S= \ (6« + cP - a' - c») tan ^ .. 



.(5). 



(6). 



127. Begnlar polygons. 

Let be the centre of the circles circumscribed about 
and inscribed in a regular polygon of n sidea Let By r 
be the radii of the former and the latter circle, and let a 
be the length of a side of the polygon. 
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If AB be a side of the polygon, and D its point of 

2ir 
contact with the inscribed circle, the angle AOB is — , 

and the angle AOD is -; thus 
n 

a = 2i?sin- = 2rtan- (7) 

The area of the triangle OAB is 

j^ii^sin — , or \aT^ 

which is equal to r" tan - , 

n 

hence the area of the polygon is 

^nii^sin — , or nr'tan- (8). 



EXAMPLES XXZVm. 

1. If r be the radius of a circle inscribed in a polygon 
show that 

_ ^ area of polygon 

"" sum of sides of polygon * 

2. The length of the side of an equilateral triangle 
inscribed in a circle is to the side of the inscribed square as 
V3:V2. 

3. An equilateral triangle and a regular hexagon have 
the same perimeter, prove that their areas are as 2 : 3. 

4. The ratio of the areas of the regular octagons 
circumscribed to, and inscribed in a circle is equal to 

2 72(72-1). 
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5. The sides of a quadrilateral inscribed in a circle are 
60, 25, 52, 39 ; show that the diagonals are 65 and 63, and 
the area 1764. 

6. If a quadrilateral is inscribed in a circle the radius 
of that circle is = J ((i^^^tf^^^ . 

7. A quadrilateral is such that a circle can be described 
about it and a circle inscribed in it, show that the radius 

of the latter is = . . 

a+o+c+d 

8. If a, b, e, d are the perpendiculars from the angles 
of a quadrilateral upon the diagonals di, d^; show that the 
sine of the angle between the diagonals is 

( {a + c){b + d) \i 
\ d,d, / • 

9. The area of a regular inscribed polygon is to that 
of the circumscribing polygon of the same number of sides 
as 3 : 4. Find the number of sides. 

10. If a triangle be formed with sides of the regular 
hexagon, pentagon and decagon inscribed in the same 
circle, the triangle is right-angled. 

11. If B, r, are the radii of the circumscribed and 
inscribed circles of a regular polygon, and It, r' those of 
the regular polygon of the same area but double the 
number of sides, show that 

12. Find the perimeters of the regular polygons of 
twelve sides inscribed and circumscribed to a circle of 
radius unity, and hence show that w lies between 3*10 
and 3*22. 
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13. Show that if a quadrilateral whose sides taken in 
order are a, 6, c, d, be such that a circle can be inscribed in 
it, the circle is greatest when the quadrilateral can be 
inscribed in a circle, and that then the square on the radius 

of this inscribed circle is -. t-t? — i\ • 

{a + c){b + (i) 

14. The area of a quadrilateral in which a circle can 
be inscribed is njahcd sin — ^ — ; also 

s/adsin -^ = »Jbcsm -^ . 

15. ABCD is a quadrilateral inscribed in a circle of 
unit radius ; a, /3, y are tiie angles subtended by ABy BC, 
CD at the circumference ; prove that 

area of ABCD = 2 sin ()8 + y) sin (y + a) sin (a + /8). 

16. A polygon of 2n sides of which n are equal to a 
and n equal to 6, is inscribed in a circle, show that 

radius of circle = J ( a' + 2db cos - + 6* j cosec - . 
^ \ n / n 

17. A polygon has circles of radius JR and r described 
about and inscribed in it. A new polygon, of which the 
radius of the inscribed circle is p, is formed by joining the 
points of contact of the original polygon with its inscribed 
circle, prove that 



CHAPTER XIX. 
The Inverse Notation. 

128. It is convenient to have a s3naabol to denote 
an angle of which one trigonometrical ratio is known. If 
an angle has for its sine the number a, we have sin ^ = a. 
This fact is also often stated as follows : 

$ = sin"^ a ; 
the meaning of the symbol sin"^ being, "an an^le whose 
sine is" We mvst cao'efuUy distinguish between sin"^ a and 

— — since they are quite different in meaning. Thus in 
svn a 

Art. 26 the angle ADB is sin~^ n, 

129. Principal Values. 

The meaning of sin~^a has been defined as an angle 
whose sine is a, and not the angle whose sine is a; in 
Art. 45, it is shown that if a is any angle whose sine is a, 
then all the angles included in 

mr + (— l)*a 
will have a for their sine. 

Thus from the equation ^ = sin~*a, we infer that is 
ang one of the set of angles got by giving all integral 
values to n in the expression 

n7r + (-l)"a. 
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TT IT 

That angle which lies between + -^ and — ^ and has its 

sine equal to a is called the Principal Value of sin~^a. 
This principal value has always the same sign as a. It is 
often, but not always, assumed that when sin~^ a occurs it 
has this Principal Value. 

In like manner we define cos"^6, tan"^c as angles 
whose cosine and tangent are respectively b and c. In 
Arts. 26 and 27 the angles DAB and ABC are cos"^w, 

tan"^ T > respectively. If fi is the smallest positive angle 

whose cosine is 6, the Principal Value of cos"* b is fi. The 

IT 

principal value of cos~^b always lies between and ^, 



when b is positive, and between ^ and tt when b is nega- 

tive. The other values are got from the expression 2nir ± P 
by giving difierent integral values to n ; see Art. 43. 

If y is the angle between + ^ and — ^ whose tangent is 

c, the Principal Value of tan~* c is y. 

The expressions sin"*a, cos~*6, tan"*c are called Inverse 
Circular Functions to distinguish them from the sine, co- 
sine, &c. which are called the Circular Functions. 

There are other Inverse Functions : viz., cosec"* a, 
sec"* a, cot"* a; which have similar meanings to those of 
the Inverse Functions already described. 

1 30. The two equations 

A = sin"* a, A = cos~* J\—a\ 
express the same fact, for since A = sin"* a, it follows that 
sin A=a, and therefore 

cos^ = ^l -a*, 
or A= cos"* ^1 - a\ 
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Again, since 

tan-4 = -===, ^ = tan-^ . 

In these results, the radical must be supposed to have 
either sign. 

131. Relations between Inverse Functions. 
We can use the formulae of Chapter V. in order to 
find relations connecting Inverse Functions of two angles. 
Take for instance 

sin (i + ^) = sin ^ cos ^ + cos ^ sin B. 
It follows that 

A+£ = sin"* {sin il cos ^ + cos il sin ^}. 
Let sin ^ = a, or, A = sin~* a> 

and sinjB = 6, or, jff = sin"*ft, 

then we see that 

sin-ia + sin-ift = aia-^{ajr^+bji^^}...{l). 
Similarly it is shown that 

sin-* a- sin"* ft = sin-» {aTT^'-^yr^}. ..(2). 
Again from the equation, 

cos (A •¥ B)=s cos A cos B — an A sin B^ 
A + B = cos-* {cos il cos J? — sin il sin B], 
Let now cos ^ = o^ cos B = b^ 

and we see that 

cos-* a + cos-* b = cos"* {ab - JT^^ Jl'^Y .(3). 
In like manner 

cos"*a-cos"*ft = cos"*{a5^-yr^^r^}...(4). 
If in the equation 

4. /J . »\ tan-i+tan^ 
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we put tajiA=ia, tan ^ = 6, 

tan~^a + tan'"^6 = tan"*Y-— jr (5). 

This is the simplest equation connecting Inverse 
Functions. 

V21 



Boc 1. If il = sin"^f , show that cos J =-^^ 
Since sin il = | it follows that 

Ux. 2. Show that 

sin iJ = cos-i-|- = tan ^2J2' 

If ^ = sin-^|, then sin^ = J and cos^ = ^=-^ 
1 
Alsotan^ = 5|5=2^. 
3 
Ex. 3. Prove that 

sin"* X + COS"* * = 9 • 

The angle whose sine is x and the angle whose cosine 
is X are complementary, hence their sum is jr . 

Ex. 4. To show that 

tan-* J + tan-* | = j . 

Let a = tan-*J, )8 = tan-*J; 

j.t_ J. / n\ tana + tanj8 i + i t i 

then tan(a + /8) = = — r i— ^=1 — f =T = 1* 

^ '^^ l-tanatan)8 1-| |^ 
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Hence a + /8 must be equal to ~ , or, 
taii-ij + tan"ij = |. 

EXAMPLES XXXHL 

1. UA = sin-' f , show that cos il = ^, 

2. Is there such an angle as sin~' 2 ? 

3. Show that sin'U = cos"* ^ . 
Prove the following : 

4. sin"^ a + sin-' Jl-a* = 90\ 

5. sin-'_^ = tan-^« 

6. sin"' i + sin-' ^ = sin-^ 1. 

7. 2tan-ia; = tan-' 



2 
2x 



8. tan-' 2 + tan-' ^ = 1^. 

A . , 1 . , 4 w 

10. tan-1 1 + 2 tan-i J = 45". 

12. tan-' i = tan-i i + tan"' f . 

13. tan-' I + tan-' ^ = tan-' |. 



-6 
6 
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14 sin-»(twij) = 28in-'(-jgV 

15, tan-' « - ten-> r = tan"' r^^^ + tan"' $^^ . 



16. If sm->a = tan->6, « = • 



a+6' 



17. cos"' a; = sin"' 



n-x _, /l+« 

18. tan-'(^^^^)-tan-f^:i5^) = ,^. 

3 1 

19. cos"* -TJTT + sin-* -7= = 45'. 

20. tan-4fJ = 2sm-*T^. 

21. tan-* J + tan-*i + tan-*| = j. 

22. tan-*| + tan-*i + tan-*^ = ^. 

23. tan-* 1 + tan'* 2 + tan"* 3 = ir. 

24. If 008"* a: + cos"* y + cos"* « = TT, 
then a!^ + ^ + »* + 2a5y«= 1. 

25. Solve the equations : 

sin"* X + sin"* y = -^ , 

cos"* as - cos * y = Q • 

26. If a = tan"* I, )8 = tan-*^; 
then shall cos 2a = sin 4)8. 

27. Show that 

. .i4aj(aj«-l) -aj«-l ^ . , 

(oj* + 1)^ a^ + 1 

H. T. 



16 
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28. tan-^ ^^J^^^ + tan-Ma^- l) + tan-^ (a? -^1) 

= 2taii"^'c 

29. {tan (sin-^ x) + cot (cos"^ x)}' = 2aj tan {2 (tan"* «)}. 

30. Prove tiiat 

j = 4tan-^i-tan-^,^. 



CHAPTER XX. 
Solution of Trigonometrical Eqitations. 

132. A TBiooNOMfitRlCAL equation is one which in- 
volves powers of a trigonometrical ratio of an angle, as, 
for instance, 

4sin«^-3sin^-l = 0. 

Or it may involve several of the trigonometrical ratios, 
as, 

sin*^ + cos»^ + 2cot»^ = 5. 

To solve such an equation as the last, it is best to 

express eveiything in terms of one trigonometrical ratio, 

as follows: 

.4/11 . «/i 2(l-sin»^) ^ 
sin*^+l-sin'tf+-^— T-i-Ti — ^=5. 

The following examples will show the method adopted 
in order to solve trigonometrical equations. 

Ex.1. Solve 6sin2^-5sin^ + 2 = 0. 

Considering the equation as a quadratic in sin we find 
the solutions to be 

sintf=^, sin^ = J. 
Hence either equals sin~^ J, or sin~^ J. 

16—2 
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Take the first solution, one particular value of for 
which sin equals J, is 30*, or ^ ; hence, by Article 45 the 
general value of ^ is 



6' 



Similarly if a is the least positive angle whose sine is ^, 
the general value of $ corresponding to the second solution 
is 

The solution of a trigonometrical equation thus leads to 
an infinite number of values for the angle. 

^aj. 2. Solve 8sin«d + 6 cosd- 9 = 0. 

The equation may be written 

8 (1 - cos'^) + 6 cos tf- 9 = 0, 

or 8cos'd-6co8d+l = 0. 

The values of cos $ are therefore ^ and J. 

The solution cos ^ = ^ gives as the general value of $ 

$=2n'ir±^. See Art. 43. 

o 

Also if a is the smallest angle whose cosine is ^, the 
other general solution is 

= 2nv ± ou 

Ux. 3. Solve the equation 

8in3d = 3sin^, 

since sin 3^ = 3 sin ^ - 4 sin' $, for all values of tf, it follows 
that in the present case 

sin»d = 0, or $ = nir. 
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Ex. 4. Solve the equation 

cosd + sin^rrl. 
Dividing each side of the equation by ^2 it becomes 



or. 



«<^s(^-^) = cos J, 



Hence ^ - t = 2nw + ^ , 

4 ""4: 

or the values required are 

27i7r, 2w7r + ^ . 

EXAMPLES XL. 

Solve the equations ; 

1. 4sin«^-2 (^3 + l)sin d+ 73 = 0. 

2. V3tan«d-(V3 + l)tand + l = 0. 

3. tan^^- tan (^3 + 1) + ^3 =0. 

4. 8sin<d-6sin«d+l = 0. 

5. 4sin«d + 3cosec«d = 7. 

6. 16sin<^-16sin«d + 3 = 0. 

7. 2 (cos a? + sec a;) = 5. 

8. 2sin«d+3cosd-3=0. 

9. 2sin^ = tan^. 

10. sin 3^ = 2 sin ^. 

11. tantf = 2 73costf. 

4 

12. tan ^ + cot ^="7^. 



246 TBIGONOMETKY. 

14. cos ^ + tan = seoO, 

15. sin + cos = —r^ . 

16. cos X + ^3 sin x = l. 

17. cos2^ + sind + cos«^ = J. 

18. coB2^ = cos^ + sin^. 

19. 48in^cos^+l-2(sind + cos^) = 0. 

[Factorize the left side of the equation.] 

20. 2sin'^-sin^=:0. 

21. If tan -4 = cos -4, show that each is = ( — ^ — ) • 

22. Solve cotd-tan^=cota-tana. 

23. Solve the equation tan 6$ = tan $, 

133. The results of Article 56 are often conveniently 
applied to solve trigonometrical equations ; take for instance 
the equation, 

sin 3^ + sin 5^ = 0. 

This is equivalent to 

2sin4^cos^ = 0. 

It follows that either sin 4^ = 0, or cos = 0. Hence 
the general solutions are 

<> = ^. tf=(2n+l)|. 

Again to solve the equation, 

sin ^ + sin 3^ = cos 0, 
This is the same thing as 

2sin2^cos^ = cosA 
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It follows that either coa$ = 0, or sin 2^ = ^. Thus the 
solutions are 

tf=2»7r*^, 2^ = nir + (-l)»J. 



EXAMPLES. ZLL 

Solve the equations : 

1. sin7^-sin^ = sin3^. 

2. sin3^ + sin5^=^2cosA 

3. coB^-cos5^=:sin2^. 

4. cos ^ + cos 2d = sin 3^. 

5. 8in4d-8in2d = ^3sinA 

6. cos (tf + a) + cos d = 2 cos ^ . 

7. sin50fl; + sin2a; = 2 sin 26a^ 

8. sin Ax - sin 2x= sinos. 

9. sin60=2sin4d-sin2d. 

10. Binp$+BiaqO + Bia{p + q)$ = 0, 

11. sin 3d + sin d + cos 40 = 1. 

12. sin d + sin 2d = sin 3d + sin 4d. 

13. sin a; + sin 2fl; = cos a; + cos 2x, 

14. sin ^-jr— d + sin ^— d = cos ^ . 

A J J 

15. COS 2x - cos 1 20** = cos a: - cos 60'. 

16. sin(aj + 2a)-sin(2aj + a) = sin -y- • 

17. sind + cosd-^sin2d + cos2d. 
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134. Sanations with Inyerse Functions. 
A third class of equations is that in which Inverse 
Functions appear. 

To solve the equation, 

sin~* X = sin"* a + sin~* b. 

Let sin"* a==A, sin"* b = B', then we have 

sin il s: a, sin B = b. 
Thus 

sin~* x = A + B, or x= sin (A + B) 

= BinAcoaB + coBAsiaB 

=as/r^+bsjr^\ 

Sometimes it is better to alter the form of the equation 
before proceeding to solve, as in the following case : 

Solve sm-*aj + tan * , . = ?■ 
Vl--4ar ^ 

2x 

Replace tan"* • . by its equivalent sin"* 2x ; the 

vl — 4ar 

equation then becomes 

sin-* X + sin-* 2a; = ^ ; 
o 

or sin-* a; = ^ - sin-* 2a;, 

hence a; = sin (^ - sin"* 2a; j 

= sin 5 cos (sin-* 2a;) - cos ^ sin (sin-* 2a;) 

/I 

2 

2 



= ^N/r:4?-|.2a!. 



Thus 2a!=^Vl-4a!», 
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or by squaring, 

-^=l-4a:», and x^^Jj. 

EXAMPLES. ZLn. 

Solve the equations : 

1. cos"* X = COS~* J + COS"* ^r- . 

2. sin"* a? + sin"* J = sin"* f. 

3. COS""* J - COS"* X = COS"* 4. 

4. tan"* a; + tan"* J = tan"* ^. 

6. sin"* 05 = 2 sin"* -j^ . 

6. sin (cot"* J) = tan (cos"* ^x), 

„ . ,12 . .12 IT 

7. sin"* Yo + 8"*" — = o • 

13 X 2 



8. cot-* X - cot-* (« + 2) = 15*. 

9. tan-* ^ij + tan-* ^^ «= tan"* (- 7). 

05—1 05 ^ ' 



10. cosec"* X = cosec"* a + cosec"* b. 

[Put a? = tan A] 

12. COS"* i - cos * = — Vo= 2 tan"*a, 

1 + a* 1 + 6« 

135. The sammatioii of series. 
To sum the series of n terms 
cosa + cos(a + j8) + cos(a+2^)+ ... + cos (a + n- 1)9); 
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proceed as follows; 

cos (a + ^) = ^^P {sin (a + 1^) - sin (o + J^)}, 
*^ <" "^ ^^ = 2^Ep ^^^ ^^ * ^^ - sin (a + 1^)}. 



C0s(a + »— 1/3) 

Now the sum of the left-hand members of these equa- 
tions is 

cos a + 008 (a + j8) + ... + cos (a + n - \p). 

And the sum of the right-hand members is 

_^{sin(a+?!Ld^)_.in(a-^; 

since all the other terms cancel out. 
Hence 



cosa+oos(a + j8)+ ... + cos (a + » - lj8) 
cosf a + — g— PjHm-^ 

^^ w- 

In a similar manner we find that 



sino + sin(a + j8)+ ... + sin (a + n - 1)8) 
w — 1 ^^ ^. nfi 

sin 



. / w-1 A . 1 
8in(a+ —cT'P) sia- 

^ ^ ^ ' (2). 
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We get the last result from the equations 

sin a = A {cos (a - J^) - cos (a + ^0)}, 

2sinf 

sin 2a = ^^^JR ^^^^ ^"^ "^ ^^^ "" ^^^ ^** ^ ^^)^' '^• 
Or it may be derived from (1) by writing therein « + <* 

in place of a. 

The results (1) and (2) may be applied to solve equa- 
tions, as follows : 
to find 0, when sind + sin2^ + sin3^ + sin4^ + sin5tf = 0. 

We get the sum of the left side from (2) by taking in it 

n=5, a = j8 = d. 
This gives us 

sin(^^+^-e?jsin^ 



5-1 .\ . 50 

- = 0; 



. 6 
sing 

of which the solutions are 

^ sin 3^ = 0, or tf = ^, 

smY = 0, or ^ = -g-. 

136. Particnlar methods of solntion. 

The' following methods deserve attention. 

(i) To solve the equation 

a cos + b sin O^e. 

Divide each side of the equation by Ja^ + b\ and let 

a b 

■ i = cos €u , = sin a : 
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gMjXg COS a COS ^ + sin a sin ^ = 



whence cos (^ - a) = , ^ , 

or ^ = a + cos * 



(ii) To solve the equation 

acos*tf+5sin*^ = c. 
In place of c write 

c (sin* + cos' 0), 
the equation becomes 

(b - c) sin* $^(c''a) cos* $ ; 

yc — a 
6— c- 



whence tan $ : 



137. EUminatioiL 

When a quantity which appears in each of two simul- 
taneous equations is got rid of by suitably combining the 
equations it is said to be eliminated. 

For instance the result of eliminating y between the 
equations 

dx-^-ey —f 
ax-^c dx — f ^ 
c 

The following are some illustrations of elimination in 
trigonometrical equations : 

Ex, 1. To eliminate between the equations 
cos d + sin ^ = a, 
cos $ - sin 6 = b. 
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Square each side of the equations and add the results, 
we get 

or, a* + 6* = 2. 

Ex. 2. Eliminate between 

sin cos' 19 = a, 

sin' $ COS = b, 
Dividing we get 

sin cos' ^ a ./» « 

. ny> z = T > or, cot c' = V- . 

sin' ^ cos ^ 

a ^ 

Hence cos $ = . , sin = - 



Substitute these values in the first equation and we 
have 

b g' 

or, a6 = (a' + 6')* 

Ex, 3. Eliminate from the equations 
a: cos ^ y sin ^ _ - 

ajsin^-.ycosd = (a'sin'^ + 6'cos'^)*. 

Square each of the equations and put tan^ = ^, the 
equations become 

"("-S-^'S^'-S-". 

^ (a'-aj") + 2toy + 6'-y' = 0. 
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We have to eliminate from them. Solving for t and 
^ we get 

1 

ah 6« 

Hence 

/y-y' g'-g' y /51z^ ?LZ^l' 
V 6 "*" a ; t 6 a / 

Therefore the result of the elimination is 

~ + ^ = a + 6. 
a b 



EXAMPLES. TT.TTT, 

Solve the equations : 

1. cos X + cos 7x = cos ^x, 

2. cos ^ + cos 3^ = cos 2^ + cos 4A 

3. cos (^ + a) . cos (^ - a) = cos 2a. 

4. 3tan»2^ = l. 

5. tan ^ + tan 2^ = tan 3^. 

6. sin 5d + sin 3$ + J2 (sin ^ + cos 0) cos ^ = 0. 

7. cos(m - 2) tf - cosm^ = sin ^. 
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8. (l-taii^)(l+sm2^)=l+tand. 

9. cos cos SO = cos 2$ cos ^0, 

10. sin 8^ = sin 50 cos SO - sin SO cos 0. 

11. sin (^ — a) = sin ^ — sin a, 

12. sin 5^ = cos 2^. 

13. tan 3d = 3 tan ft 

14. tan (05 + a) = tan (a - x). 

15. 2sin2d-4sin^d + ^^ + ^=0. 

16. 3 (sin^ - cos^ d) + 4 cos* = cos* 20, 

17. cos3d-(73 + l)cos2d + (73 + 3)cosd-^-l=0. 

18. sec* cosec* + 2 cosec* = S. 

19. sindtand = |. 

20. sin2d-2sind+273sin'2 = 0. 

21. 2 sin' X = cos' -jr- . 

tan(<?-15-) , 
^^- tan(d+15')'"^- 

23. a tan (a? - ii) + 6 tan (x + A) = (a-h) cot -4. 

2 

24. tan 2o; = tan - . 

a; 

icos (2a: + Sy) =« i, 
cos(3a: + 2y)=^. 
26. If tan (tt sin 0) = cot (tt cos 0\ 

find sin (^ + j) • 
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27. Solve the equation 

8m ^ + sin 3d + sin 5d + sin 7^ = 0. 

28. Solve the equation 

3$ 60 ^ 

cos 5+ cos -5- + cos -^=0. 

29. Eliminate ^ from the equations 

sind = acos^ + &sin<^, 
cos d = a sin ffi — b cos ^. 

30. Eliminate $ and <^ from 

m sin $ = n sin ^, 
w' cos d = w' cos ^, 

31. Eliminate d from 

tan $ + siaO = mf 
tan d — sin $ = n. 

32. Eliminate d from 
(a;-asind)'+(y-acosd)' = (a5COstf-ysind)' = a'. 

33. Eliminate a from 

cos 3a cos 2a cos a ^ 

+ __-+ = 0, 

a be 

cos 2a cos a 1 >. 
a b 2c 

34. At a point F each of the perpendicular straight 
lines GAy CB subtend an angle a, if CA = ay GB = by show 
that 

^r, «^ COS 2a cosec a 

^a* + 6^ -206 sin 2a 

35. If ajcosd = 6, a;cos(2a-d) = c; 
eliminate 0, 
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36. If a sin 2a - 5 COS 2a = 2c sin a, 

a cos 2a + 6 sin 2a = c cos a, 
prove that 4 (a* + ¥- cy = 2Wc\ 

37. Eliminate from the equations 

a; cos ^ + y sin d = sin 2^, 
y cos B^x sin ^ = 2 cos 2^. 

38. Show that the result of eliminating x from the 
equations 

ift = tan"^ X, = tan"* (a; + A) — tan"* x^ 
is sin ^ = A cos ^ cos (^ + $). 

39. Eliminate $ from the equations 

sin ^ (1 - cos $) = m^ 
cos ^ (1 — sin 0) = n. 

40. If 

aa; cos (a + j8) — 5i/ sin (a + /8) = — ^ sin (2a + ^), 

a' — ft* 
aaJCOs(a-)8)-6ysin(a-)8) = — s" sin(2a-)8), 

then a V + fty = (^^-^ J . 



n. T. 17 



CHAPTER XXL 
De Moivre's Theorem. 

138. Imaginary and complex anantities. 

The square root of a negative number is called an 
imaginary quantity ; thus tj —ly >/ - 7, ^' — f are imagin- 
ary quantities. 

Since »Jc^= Ja x Jh, we have when we put 6 = — 1, 
^ - a = ^a ^ - 1, thus for example V - 7 = */? ^ - 1> 
^-§ = ^f^-l, hence every imaginary quantity is the 
product of a real quantity into the imaginary quantity 
^ — 1. Every imaginary quantity is therefore of the form 
y tj — ly where y is a real quantity. 

A quantity such as x-\-y J —1, ov a-\- ^ — b, which is 
the sum of a real quantity and an imaginary one, is called a 
complex quantity. 

Ex. 3 + ,y - 5, cos a + y - 1 sin a are complex quanti- 
ties. 

139. Let us multiply together the two complex 
quantities cos a + J - 1 sin a, cos )8 + ^- 1 sin ^ ; we find, 
after performing the multiplication and arranging the 
result, 

(cos a 4" y — 1 sin a) (cos j8+ ^-1 sin P) = (cos a cos /3 

-sinasin)8) + ^-l (sin a cos j8 + cos a sin j8); 
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now COS (a + P) = cos a cos ^ — sin a sin ^, 

and sin (a + ^) = sin a cos ^ + cos a sin fi, 

therefore (cos a + ^ - 1 sin a) (cos ^ + »/^i sin fi) 

= cos(a + )8) + 7^sinra + ^) (1). 

If we multiply both sides of this equation by 

cos y + ^ - 1 sin y, 

we have in a similar manner 

{cos (a + ^) + ^ - 1 sin (a + ft)} (cos y + ^-1 sin y) 

= C0s(a + )8 + y)+^^sin(a + ^ + y), 
therefore 

(cos a + ^ - 1 sin a) (cos fi + ^-1 sin )8) (cos y + J^^ sin y) 
= C08(a + )8 + y)+^3isin(a + ^ + y). 
Proceeding in this way, we see that if a, p,y,... Ohe n 
angles 

(cos a + J^ sin a) (cos)8 + J^^ sin ^)...(cos ^ + y^sin 0) 
= cos(a + ^+ ... +0) + J^^ sin(a + ^+ ,.. + $). 
Now let a = )8 = y = . . . = ^, and suppose the number of 
the angles to be ti, we then have 

(cosa + J -I sin 0)**= cos na + \/- 1 sinTia (2); 

or the nth power of cos a + v-l sin a is cos na+ J ^ sin na. 
n being a positive integer. This result is a particular case 
of a more general theorem known as De Moivre's theorem 
to which we now proceed. 

140. Proof of De Moivre's theorem. 
Theorem, If ti be any quantity positive or negative 
cos wa + V - 1 sin na 
is a value of (cos a + V^ sin a)^ 

17—2 
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(1) When w is a positive integer, (cos a + n/-1 sin a)* 
has one value only; it has been shown in the last article 
that this value is cos wa + v — 1 sin na, thus the theorem 
has been proved in this case. 

(2) When w is a positive fraction say - , where ^ and q 

are positive integers, such that - is in its lowest terms. 
We have 

(C0S-+ *y-lsin-) =cos — + \/-lsin— =cosa+>/— Isina 
q qy q q 

from the last case, hence cos - + \/ - 1 sin - must be a gth 

q q 

root of cos a + V — 1 sin cu or cos - + v — 1 sin - is a value 

q q 

i 

of (cos a+ >/ - 1 sin a)* , also 

/ a / — ^ . ay pa i — =- . pa 

( cos - + v - 1 sin - ) = cos ^— + V - 1 sm ^-- , 

\ q q) q q 

hence cos — + >/ - 1 sin — 

q q 

. p. 

is a value of (cos a + v - 1 sin a)« which proves the theorem 
in this case. 

It should be observed that since there are q gth roots of 
any quantity, we are not entitled to say that because 

(cos - + V- 1 sin - ) = cos a + *y - 1 sin a, 
q q) 

therefore cos - + ^/ - 1 sin - 

q q 

1 

is ecfaal to (cos a + >/ — 1 sin a)* , but that it is one of the 

values of this last expression which really has q distinct 
values. 
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(3) When n is a negative quantity say — m, we have 
cos ( - m) a + >/ - 1 sin ( - m) a= cos ma — ^/— 1 sin ma ; 

now 

(cos ma + J — I sin ma) (cos ma - J —l sin ma) 

= cos*ma + sin'ma = 1 , 
hence 

. , 1 

cos ( — m) a + V--1 sin ( — m) a = 7== ; 

cos ma + v - 1 sin ma 

thus from (2), cos ( — m) a + n/ - 1 sin ( - m) a is always a 
value of 

1 . 

7= or of (cos a + V — 1 sin a)"""*, 

(cos a + V - 1 sin a)** 

and thus the theorem is proved generally. 

141. To find all the valnes of (cosa+>r^sina)'. 
It has been shown in the course of the proof of De 
Moivre's theorem that cos — + n/^ sin — is one value of 

(cos a + ^/— 1 sin a)*, p and q denoting positive integers 
such that -is in its lowest terms. We shall now find all 

the values of (cos a + v— 1 sin a)'. 
Since 

cos a + sl~l sin a = cos (a + ^kir) + a/— 1 sin (a + ^htr) 

. £ 

where A; is an integer, one value of (cos a + v- 1 sin a)' is 

»(a + 2fo) 1—^ . p{a+2k7r) , -v x 7 

cos ^-^ + V— 1 sm^-^ ^ : by ascribing to k 

q q '' —^ 

different integral values we shall obtain all the values of 

p 

(cos a + J— 1 sin a)' . 
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To prove this, let Aj = 0, 1, 2, 3...g'-l, then we have 

the following q quantities, each of which is a value of 
p 

(cos a + tj" 1 sin a)' ; 



cos 



Pf+VZTsm^ 



cos 



COS 



o(a+27r) ,— r . »(a + 27r) 

p(a + 47r) /— r . «(a+47r) 

-^-i ^ + V - 1 am -^-^^ ^ 

5^ ^ 



(3): 



cos^-^^ ' -{-ij- 1 sm^-^ ^ 

now (cos a + v- 1 sin a)' has q different values, hence all 
we have to show is that the above q values are all different 
from each other. Suppose 

p(a+2sTr) , — r . p (a + 2«ir) 
cos ^-^ '' + V- 1 sin-^-^ i- 

o(a + 2«ir) /^r . p(a + 2M 
= cos^-^^ - + V- 1 sin ^^ -' , 

then we have, equating the real and imaginary parts on 
the two sides of the equation 



and 



p(a+2»w) pia + ^tir) 
cos^--^ = cos^-^ '- 

. «(a + 2w) . p(a+2<7r) 
q <l 



Now if two angles have their cosines the same and also 
their sines the same, they must differ from one another by 
a multiple of 2w, therefore 

p(a + 2«7r) p(a + 2<7r) ,^. , ._ 

-^ ' - ^-^ '- = a multiple of 2ir : 

q q ^ 
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hence -(«—<) = an integer, thus 8 — t must be a multiple of 

q, which cannot be the case if 8 and t are each positive and 
less than q^ thus the quantities in (3) are unequal and are 

the required values of (cos a + v- 1 sin a)* . 

142. To find the powers of a complex quantity. 
The object of De Moivre's theorem is to find the values 
of a power of a complex quantity a + 6 J— 1 ; thus suppose 

£ 

we require the values of (a-^b J— 1)', where p and q are 
positive iutegers. Put a = r cos a, 6 = r sin a, then 

£ £ , p 

{a + b ^- 1)' = r' (cos a + V- 1 sin a)% 

now r = s/a' + 6* which we can take to be positive, and 

£ £ 

for r« we take the positive real value of (a' + h^y^ ; then 

/— ^ 

multiplying this by the q values of (cos a -f v - 1 sin a)* given 

p 

by (3), we have all the values of (a + 6 ^- 1)* . We observe 

that tan a = - , or a = tan"^ - . 
a a 

Ex, 1. Find all the fifth roots of unity. 

We have 1 = cos + \/^ sin 0, 

hence the values of 1^ obtained by giving to k the values 0, 
1, 2, 3, 4 in cos — = — + v - 1 sin — — , are 

cos + J— I sin = 1 

27r rr . 2^ V5-1 , , VlO + 2 J5 

cos -=- + V- 1 sm -3- = 5 — +J-1 : — ^^ 

5 6 4^ 4 
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;_ + V_l8in_ = _ j^i _V. 



COS 



cos-^ 
o 



V-lsm-^ = — J n/-1 J-^- 



are 



Ex, 2. Find the cube roots of J- 1. 

Since n/— 1 = cos ^ + n/^ sud ^ , the values of (,^-1)4 

Sir /— 7 .Sir ^3 . , 1 
cosy+V-lsm-g.= -^ +^_1- 

COS -^ + V- 1 sin -r- =» -V- 1. 
i^iB. 3. Find the values of (1 + J- 1)*. 
Since (1 + J- 1)^= 2^ (72-"^-^ ^2) 

= 2^rcosj+ ^/-lsin2j , 
the required values are 

2* (cos ^ + ^/^l sin ^) = 2* (- COS g -^/^i sin ^) . 
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EXAMPLES XLIV. 

1. Prove that 

/I + sin<f» + t cos <f» V /I A 

I T 1—7 T I = cos ( - WTT - n<f» ) 

\1 +sm<^-tcos<^/ \2 V 

where niB & positive integer. 

2. Evaluate 1^ (-1)^ (->/-!)*. 

3. Find the three values of (1 + J'^)K 

4. Prove that 

(cos ^ + V^ sin ^) (cos fj + Vrr sin ^) 

(cos^+V^siu?^) = -l. 

5. If there are n angles a, fi, .,.0, and we denote by 
«2) ^29 ••• ^M> ^^^ ^^^^^ ^^ ^^^ products of tana, tan^, ... tan 0, 
taken 1, 2, ... n at a time, show that 

cos(a + ^+ ... +^) = cosa cos^ ... cos^ (1 — «2 + ^4 — •••)> 
8m(a + P+ ,,. + 0) = CO8a C08/3 ,,. cos^(5i — «3+ •••)• 
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L If the measures of the angles of a triangle referred to 
1% IOC, 10000" as units, be in the proportion of 2, 1, 3, find the 
angles. 

2. Two of the angles of a triangle are 52° 63' 51'', 41« 22' 50*' 
respectiyely ; find the third angle. 

3. An angle is such that the difference of the reciprocals of 
the number of grades and degrees in it, is equal to its circular 
measure divided by 27r ; find the angle. 

4. The angles of a plane quadrilateral are in A. p. and the 
difference of the greatest and least is a right angle; find the 
number of degrees in each angle, and also the 6ircular measure. 

5. If an arc of ten feet on a circle of eight feet diamet^ 
subtend at the centre an angle 143** 14' 22'^, find the value of n- to 
four decimal places. 

6. Find two regular figures such that the number of degrees 
in an angle of the one is to the number of degrees in an angle of 
the other as the number of sides in the first is to the number of 
sides in the second. 

7. The apparent angular diametw of the sun is half a degree. 
A planet is seen to cross its disc in a straight line at a distance 
from its centre equal to three-fifths of the radius. Prove that 
the angle subtended at the earth, by the part of the planet's path 
projected on the sun, is 7r/450. 

8. Find in degrees the angle whose circular measure is {. 
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9. Show that an inch will subtend an angle of 1" nearly at a 
distance of 3 miles, the distance being in a direction perpendi- 
cular to that in which the inch is measured. 

10. Having given -; — ^ = p, 5=5', find tan A and tan B, 

® ® smB ^ cos B *' 

11. If cos A =tan B^ cos ^=tan C, cos (7=tan A^ 
prove that sin -4 = sin 5 = sin (7 = 2 sin 18'. 

12. Solve the equations 

(1) sin^+2cos^=l. 

/ON 22^^3 
^^ tana 2* 

(3) V3cosec*^=4cotd. 

13. Find a general expression for $, when sin* ^= sin* o, and 
also when sin 6^ — cos 6=1 J2, 

14. Two circles of radii a and 6 touch each other extemallj ; 
6 is the angle contained by the common tangents to these circles, 

prove that sm ^= — ^ — rrss — . 

15. Prove that 

cos tan""i sin cot~* x^l ^ ) 

16. If A, By and (7 are in a. p., show that 

sin J. ~ sin C7 cos B 





cosC-cosjI sin5' 


17. 


Froye that 




--S^---v/i=?- 


18. 


Prove that cot-i3+cosec-V5=|. 


19. 


If 8in^=wisinft and tana=»tan)3; 


then 


cosa=^ / ^r« 
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20. Prove that 

Bin 48''= J {\/lO+V5 + V3 (VS - 1)}. 

21. If cos(a+i3)sin(y + d)=cos(a-^)sm(y-d), 
then will tan d = tan a tan /3 tan y. 

09 If mtan(a-a? ) _ ntano? 

cos^o? ~cos2(a-a7)' 

then ^=l|a-tan-i(^tana)|. 

23. Ifthefraction ^^^^(f+^H^;^^^ 
a'sin(^ + a)+6'cos^ 

is independent of 3, i^how that 

aa' - bb' = (a'6 - ab') sin a. 

21 Show that 

A +tan-i (cot 2ul)=tan-i (cot A). 

25. Prove that 

cot-i 07- cot-i (a?+ l)=cot-i (1 +a;+a^\ 
and thence sum the series 

cot-i (1 + 1 + l2)+cot-i (1+2+22) + to 71 terms. 

26. If 

tan03+y)=Ztana, tan(y+a)=mtanft tan(a+^)=^tany, 
and (m- w) tan a + (w - Q tan /9 + (?- m) tan y=0, 

prove that — j — + + =0. 

27. Show that the only solutions of the equation 

sin 5^-3 sin 3^+ 4 sin ^=0, are ^=n»r, B==^n/ir+{-lY -^^ 

28. Prove that 

cos ^ cos 5 cos (7 cos (ul +5+(7)+sin A sin B sin Csin {A +B+0) 

=coa{B+C)coB{C+A)coa{A+B). 

29. If cos (^ + 5 + (7) = cos -4 cos 5 cos G, prove that 
8sin(5+C)sin(C+J.)sin(J.+J5)+sin2^sin25sin2(7=0. 
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30. KA +5+ (7= 180% prove that 

(sin ^ + sin 5+ sin C) (sin J5+sin C - sin A) (sin G+smA-BiaB) 
(sin ^ + sin 5 - sin (7) = 4 sin* J. sin^ 5 sin* (7. 

31. If a, p are values of 6 which satisfy the equation 

AcoaB+B&m6=Cf 
and whose difference is not a multiple of tt, then 

COS^(a+ff) 8in^(a+/3 )_ COS^(a-ff) 

A '^ B " C * 

32. Prove that 

sin* 10' +COS* 20' - sin 10" cos 20* 

«sin* 10"+cos*40'+sin 10* cos 40"=f. 

33. Prove that 

sin g — sm^-^+sm — | — sin ^-^5-= sin r sin y. 

34. Prove that the elimination of $^ <^ from the equations 
rcos(2^-a)=wicos*d, rcos(2<^-a)=mcos*^, 

tan ^ B tan <;^ + 2 sin /3, 
gives r = m cos 0/(1 - cos* a sin* /3). 

36. If tandtan<^=r /^, 

show that (a - 6 cos 2^) (a - 6 cos 2<^) 

is independent of 6 and <^. 

36. Put into six simple factors 
Bin8(/3-y)sm3(o-d)+sin8(y-o)sin3(j3-d)+sinS(a-^)sin8(y-d). 

37. Prove that 
sin2asin(/3-y)+sin2ffsin(y-a)+sin2ysin(a-/9) 

sin (/3+y) + sin (y+a)+8in (a+/3) 

=4 sm ^-5-^ sm '-5— sin —^ , 

A ^a 2i 
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38. Prove that 

1.1.1 



cosy+c^^ 008-=-+ cos 2<;^ oos-=-+cos2^ 

_ 7 tan 7<l> — tan 
2sm2</> • 

39. If tan«^=tan(^-a)tan(^-i8) 

show that tan 26 = — . ,, . - >'^ . 

sm«(a+^) 

40. If 3cosO+y)+4sm03+y)=cosO-y) 
and 3cos(a+y)-2 8in(a+y)=cos(a-y), 
prove that tan a tan /3 = — ^. 

41. Prove that 

(tan 7i'+tan37i'+tan67i") (tan22i'+tan 52i»+tan82j') 

= 17+8^3. 

42. Prove that 

cos 2a sin (/3 - y) + cos 23 sin (y - o) + cos 2y sin (a - ^) 

+{sin (3 -y)sin (y- a)+sin (o-^)} {cos (/3+y)+cos (y+a) 

+cos(a+i3)}=0. 

43. Prove that cos =+ cos -=-+ cos -=- = 5. 

AA If sin^ _ sin0 sin^ 

**• "*''sin(^+.l)' ^"sinCi^+J?)' '"sin(Vr+(7)» 
and $+<f>+ylt=A+B+C=v, 

show that {x-yz) sin ^ + (y - ar?)Bin B+(z- xy) sin (7=0. 

45. Show that tan Or 30'= 1+^2. 

46. Solve the equation 

tan-i(^+l)+tan-i(^-l)=tan-i(-2). 

47. If oos-i-+cos-i|=o, 

a o 

then ---f^cosa+^=sin«a 

c^ ah b^ 
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48. If tan A +taii ^A ^tan ZA^ show that A must be a mul- 
tiple of 60" or 90\ 

49. If a = r^ , show that 

lb 

cos 3a +COS 5a = cos a (cos 4a + sin 4>i). 

50. Prove that 

sin«^+sm85 + sin2(uH-J5)=2sinulsin5siii(^+-ff){cot^+cot5 

=cot(i4-fJ5)}. 

61. Prove that 16 cos*^ — cos 5^ «5cos ^1 (1 + 2 cos 2^). 

52. Prove that 

cosec (m +9i) a; cosec fiu; cosec 71^ - cot (m + n) a; cot nu; cot nj; 

= cot ma? + cot fw;— cot (m+7i) x, 

53. Prove that 

cos3^ coaO^ cos9^ cos 18^ 
cos^ co62^ cos3il cos Oil 

= 2 {cos 2A - cos 4il +COS 6ii - cos 12^1}. 

54. If a-|-i3+v=iir, 

prove that sin*a+siii'/3+sin*'y+2sinasm/3siny=l. 

55. Prove that 
sin«(^+a)+sm«(^+/3)-2cos(a-^)sin(^+a)sm(^+/3) 

is independent of 6. 

56. If V2coSil=cos5+cos«5, V2sinil=sin5-8in«5, 
prove that ±sin {A - 5)=co8 25= J. 

57. If — rs + -^-5^ = l> show that — ^-{--^^^l. 

cos»^ sm>^ ' cos*o sin^a 

58. If o+3+y=iir, show that 
(cos a -f sin a) (cos ^ -I- sin ^) (cos y + sin y) 

= 2 (cos a cos 3 cos y + sin o sin ^ sin y). 

RQ Tf tan(aH-g-y) _tany 

^' " tan(a-i3+y)"tani3» 

prove that sin 2a+sin 2/3+sin 2y =0. 
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60. If cos~i4?+cos"-iy + oos~*«=7r, 
show that a^ +y* + «* + ^»xyz = 1. 

61. Bolve the equations : 

(1) sm^+cos^=l. 

(2) sm5^=16sm'^^. 

(3) tan2d=8oos«d-cotd. 

(4) 2siii(^-<;^)=sm(d-|-<;^)=l. 

(5) sec 4^ -sec 2^= 2. 

(6) 2(sin*^+cos4^)=l. 

62. If 2 cos ^=Vl - sin 2^ - \/l +sin 2^, show that B must 
lie between (8»+5) - and (8w+7) j . 

63. Prove that 

y, , .^ w X cosec2^cosecy-cosec2ycosecd? 

tan \ (a?+y) tan \ (x-y) = ^ ^- ^ . 

as\ W7/ asN i^/ coseo2^coseoy+cosec2ycosecd? 

64. Show that if cot ^ a+cot^ /3=2 cot ^, then 
{l-2sec^cos(a-^)+sec2^}{l-2sec^cosO-d)+sec2^}=tan*A 

65. If A +B+ (7+Z>=360% prove that 

cos ^^ cos ^Z) sin ^^ sin ^(7 - cos ^^ cos ^(7 sin ^il sin ^2> 

=sini(^+5)sini(ul + C)cosi(^+/)). 

66. Eliminate B from the equations 
(a+6)tan(^-<;^)=(a-6)tan(^+0), acos20+6cos2^=c. 

67. If -4, 5, C be positive angles whose sum is 180*, prove 
that cos ^ +COS 5+cos (7> 1 and :!^ 3/2. 

ao It COS d sin ^ cos (^ sin 

Qo* 11 r ~T — ^ r ~^ = i-i 

COS a sma COS a sma 

., . cos^cos0 . sin^sin^ . _ . 

prove that = — - H :-= — - +1=0. 

'^ cos' a sm'o 

69. If cos (y-«)+cos (2-d?)+cos (j?— y)=s - 3/2, show that 
cos3 (a7+^)+cos8 (y-l-^ -f cos8 (2!+^) 

- 3 cos (0?+^) cos (y + d) cos (2;-|-^)=0. 
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70. Solve the equations sin~ia?-siii~iy=§ir"| 
cos~id?-cos" 






71. If asm$+hcos0=a cosec ^ + & sec ^, show that each ex- 

2 S 8 2 1 

pression is equal to (a^- ^) (a^+I^)*. 

72. Sum to n terms the series 

sin^ a + sin* 2a + sin* 3a -I- . .„ . , 

73. Sum to n terms the series 

sin J? sin 2^ sin 3a; + sin 2^ sin 3r sin 4^ +.. • 

+sin 7107 sin (n+l)x sin (w+2) x, 

74. Sum to n terms 

. . 1. a? . 1. ^ . . 1 . s 

tana7+-tan- + -tan- + H tan . 

^2244 ^2*-i 2'*~i 

75. Prove that sin (cos ^)<cos (sin ^), for all values of 0, 

76. Prove that 
;^|^|j5^=(2cos<>-l)(2oo8 2tf-l)...(2cos2--i£)-l). 

77. In any triangle, show that 

cos^ +COS J?= ^i^^±^8in2 ^. 
c 2 

78. One angle of a triangle is 15*, and another is 2§ of the 
third ; show that the sides opposite to these latter are as ^3 : J2. 

79. In the ambiguous case of the solution of triangles, when 
a, &, ^ are given, if C and C are the two values of one of the 
cmgles, show that tan J. = cot ^ (C + (7'). 

80. If JO, y, r be the perpendiculars from the angular points 
on the opposite sides of a triangle, prove that 

■^ J_5! 4. !l — 5? 4. 5? 4- — 
qr rp pq^ a^ 6* c* ' 

81. Prove that in any triangle 

4i2cos C=r+ri+r2-r^ 
H. T. 18 
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82. A base line 300 feet in length is measured from the foot 
of a vertical tower and at the end of this line the angular eleva- 
tion of the top of the tower is observed to be 33"* 41' 24". Show 
that the height of the tower is very nearly 200 feet; having 
given that 

L tan 33' 41' =9-8237981, tabular diff for 1'= 2738, 
log 2= -30103, log 3 =-4771213. 

83. If a=378, 6»64, C«85^ 54' 14", find A and B, having 
given that 

log 2 =-3010300, log 3= -4771213, 

L cot 42' 57' = 10031 1040, diff. for 1' = 2533, 
L tan 38' 51'- 9*9060431, diff. for l'=2586. 

• 84. In a triangle a=96, 6=75, il =37' 17' 10", find B and C, 
having given that 

log 2 =-3010300, 
Z sin 37' 17'=9-7822985, diff. for l'=1659, 
L sin 28' 14'= 9*6749194, diff. for l'=2352. 

85. The sides of a triangle are 5, 6, 7 ; find the greatest angle, 
having given that 

Xtan39'13'=9-9117245, diff.=2579. 

Find the angles of the triangle ABOy having given that 

86. An observer finds that from the doorstep of his house 
the angular elevation of the top of a church spire is 5a, and that 
from the roof above the doorstep it is 4a. The height of the roof 
above the doorstep being h^ prove that the height of the spire is 

h cosec a cos 4a sin 5a. 

87. If JO and q are the perpendiculars from A and B on aik^ 
line through the vertex (7 of a triangle, prove that 

ay+682''-2a5pgrcos C7=a«6«sin«a 

88. If a regular pentagon and d regular decagon have the 
same perimeters, prove that their areas are as 2 : ^5. 
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89. If in a triangle ^^^"^ o^ = ^> ^^ 2 " ^» *^®° a+c=^2b, 

90. From Ay the foot of a vertical pole, a line A BC where BC 
equals a is drawn due east, and the angle subtended by the pole 
at ^ is double that subtended at C, A line CD equal to BC is 
next drawn due south, and it is found that AB subtends at i> an 

angle tan-i 2 ; show that height of poles= ^ a, 

91. At the distance of 10 miles from a tower, its top just 
appeared in the horizon ; determine its height, having given the 
earth's diameter to be 7964 miles. 

92. Find the area of a circle traced by a pair of compasses, 
the length of whose legs is 10 inches, and the angle between 
them 60'. 

93. An equilateral triangle and a regular hexagon have the 
same perimeter ; show that the areas of their inscribed circles 
are as 4 : 9. 

94. The area between 3 circles of radii a^ h and which 
touch one another is 

, 2Va&c(a+6+c) sin ^ _ sin sin^ 

^^®™ (6+c)(c+a)(a+6)""6+c""c+a"a+6' 

9i. If ADy BEy CF are the bisectors of the vertical angles of 
a triangle ABC^ the areas of the quadrilaterals 

BCEF, CAFD, ABBE 
areas a(6+c), 6(c+a), c(<i'\-}^. 

96. If P, C, iZ are the feet of the perpendiculars from the 
vertices, show that 

^P+C7«+4i2 - (C7P+4«+ J5i2)=(6- c) (c- a) (a- 6) ?^±5^ 

97. A Fy F being the middle points of the sides, prove that 
cot BAB-\-iXi\.ACF-\'Qo\, CBE 

=cotCil2>+cot-BaP+cotJJ5^=3(cotil+cot5+cot(7). 

18—2 
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98. E is the middle point of the side AB of the triangle ABC^ 
AL is perpendicular to BC cutting CE in F^ show that 



AF^ 



a+6cos(7' 



99. In an equilateral triangle ABC^ of which a side is 
8 inches long, a point P is taken in BC 3 inches from B^ prove 
AP^I inches. 

100. If the median m^ makes angles /3 and y with AB^ AC 
respectively, 2% cos —^ = (6 + c) cos ^ . 

101. The elevation of a steeple, standing upon a horizontal 
plane, is observed and at a station a feet nearer to it^ its elevation 
is found to be the complement of the former. On advancing in 
the same direction h feet nearer still the elevation is found to be 
doMe of the first. Show that the height of the steeple is 



^/ 



(a +6)2-^^ feet. 



102. If in the 3 edges which meet in one angle of a cube 
3 points ABC be taken at distances a, 6, o from the angle re- 
spectively, then the area of the triangle ABC is 

103. A ladder whose length is 30 feet stands against a wall 
at an angle of 60*" with the horizon. At what distance from its 
top must another of the same length be fastened so as just to 
reach a window 48 feet from the ground ? 

104. On the sides of an equilateral triangle 3 squares are 
described. Compare the area of the triangle formed by joining 
the centres of these squares with the area of the equilateral 
triangle. 

105. If a circle be inscribed in a square, and between it and 
the 4 angular points 4 other circles be described, and so on 
continually, show that the simi of the perimeters of all these 
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circles : that of given circle as 2/1^2 - 2 ; 1, and the corresponding 
areas as 3^2 -4:2. 

106. The distance between the centres of 2 wheels is a, and 
the sum of their radii is c, show that the length of the string 
which crosses between the wheels and just wrai)s around them is 



2|Va*-c2 + ccos-i(-^)|. 



107. The alternate angles of a regular pentagon being joined, 
show that the area of the interior pentagon thus formed is to that 
of the original figure as 3 + ^6 : 3 - Vs. 

108. If 2 semicircles be described upon the bounding radii 
of a quadrant^ the circle which touches the 3 circumferences will 
have its radius : radius of quadrant aa J2-1: ZJ2 - 1. 

109. An endless band passes round 2 wheels which can 
revolve about their centres and the diameter of one wheel is 
equal to the circumference of the other. Show that the circular 
measiure of |ihe angle described by the smaller wheel while the 
larger makes one complete revolution is 2n^. 

110. If X, M, N are the feet of the perpendiculars from the 
vertices of a triangle ABC on the opposite sides and Ra, Rb> -Ro, 
R the radii of the circum-circles of the triangles AMN^ BNL, 
CLM^ and p the radius of the in-circle ofCMN, then 

R^=Rp+Ra^+Rb^+R,K 

111. If J5C, GF be the perpendiculars from B and C on the 
opposite sides, and if FU and BG produced meet in §, show that 

2 (e^ - «i^) = (5§2 - (7§2) (cos 25+cos 2(7). 

112. ABCD is any quadrilateral, whose sides taken in order 
are a, 6, c, e^ ; show that the product of the area of the triangle 
ABC and the square of the tangent from D to the circum-circle 
of ABC is abed sin a, where a is the sum of a pair of opposite 
angles. 

113. A quadrilateral whose sides are a, 6, c, (i is inscribed in 
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a oirde; show that the product of the segments of any chord of 
the circle drawn through the intersection of the diagonals is 
<ibcd(<ui+bd) 
(ad+bc)(ab+cd)' 

114. A man walking on a level plain towards a tower observes 
at a certain point that the elevation of the top of the tower is 10% 
and after going 60 yards nearer to the tower that the elevation is 
lb*". Having given that 

L sin 15' =9*4129962, log 25*783 » 1*4113334, 
Zcos 6'*=9-9983442, log 25*784=1*4113503, 
find the height of the tower to 4 places of decimals. 

115. If one angle of a triangle be 60% the area lO^jZ and the 
perimeter 20, find the remaining angles and the sides, having given 

log 2 =-3010300, Z8in38*' 12'=9*7912754» 

log 3 =-4771213 

log 7 = -8450980, diff. for 1'= 1605. 

116. Two men A and B stand at a distance a apart on a line 
running K and W. At midday when the altitude of the sun is a, 
A observes the end of ^s shadow and B observes the end of A*b 
shadow. The depression of A*b line of sight is /3 and that of Si's 
line of sight is y. Prove that ^'s height Lsf 

f cot'g+cot'y ^ * 
|cot*/3cot'y-cot*a| * 

117. A CBP is a quadrilateral such that APB (2/3) is bisected 
by the diagonal CF; CA^a, CB^b, AGB^a; show that 

^^^ ab sm(a-f2/3) 

'"sin/3Va8+ft2+2a6cos(a+2/3)* 

118. A person standing between 2 towers observes that they 
subtend angles each = a, and on walking a feet along a line 
inclined at an angle y to the line joining the towers he finds that 
they subtend angles each=/3. 

Show that the heights of the towers are the roots of the 
equation «»(cot*/3-cot2a)-2a7aVoot*/3-cot«asin«y + a«»0. 



a 
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119. Equilateral triangles 3BCy BBC are described on the 
side BC of the triangle ABC\ prove that 

120. Find to 3 places of decimals the length of the side of a 
regular polygon of 12 sides, circumscribed to a circle of unit 
radiua 

121. ABO is an isosceles triangle right angled at (7 ; 2) is 
the middle point of AG. Prove that BB divides B into 2 parts 
whose cotangents are as 2 : 3. 

122. If the sides of a triangle are in a. p. and its area is f of 
the area of an equilateral triangle of the same perimeter, show 
that its sides are in the ratio 3:5:7. 

123. A person ascends a mountain by a direct course, the 
inclination of his path to the horizon being at first a and after- 
wards changing to /3, which continues to the summit. Given 
that the mountain is a feet high and the angle of depression of 
the starting point as ol)served from the summit is y, prove that 
the length of the ascent is 



a cos 



fa+3 \ 



smycos^-^ 



124. If a quadrilateral ABCD is inscribed in a circle, show 



EXAMINATION PAPERS. 



1. Define a unit. What is meant by saying that the measure 
of a quantity is m? 

If the unit of angular measure were 6% what would be the 
measure of a right angle ? 

2. Find the number of degrees in 10 grades, and the number 
of grades in 15 degrees. 

3. If the radius of a circle is 7 feet, find the length of the 
circumference. [»r=V'] 

4. Find the trigonometrical ratios of 60" and 45** ; also the 
values of sin 225**, cos 120^ tan 330^ 

5. Give a geometrical construction for the angle whose cosine 
is a given number a. 

6. A man 6 feet high standing on the bank of a river observes 
that the depression of a point on the other bank, immediately 
opposite, is lO** ; find the breadth of the river, having given that 
tan 10" =-1763270. 

7. Show that any trigonometrical ratio of an angle is equal 
to the corresponding co-ratio of its complement. 

Find the number of degrees &c. in the angle whose circular 
measure is 2. 

8. Show that cos (90" +4)= -sin -4 when ^ is an obtuse 
angle. 
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XL 

L Explain the convention as to the signs of angles. 

Through how many degrees has the hour hand of a clock 
turned at 20 minutes past 3 p.m., counting from the preceding 
noon? 

2. If an angle contains d degrees and d radians, prove that 

£ 2^ 

3. Show that tan A = y . 

cos^ 

Prove that (i) l-^8m^A=^^^^ji 

(ii) (tani4+cotil)siniicosi4=l. 

4. Trace the changes in sin^l +co8 AyOa A changes from 0"* 
to90^ 

5. If sin ^»} find cos A and cot A, 

6. Prove that sin (-4 +5) = sin 4 cos 5+ cos ii sin 5. 
Having given that sin ^ = ^, cos ^ = J, find sin (-4 + B), 

7. Show that sin 3^ +sin 5il := 2 sin 44 cos A. Express as a 
product sin 15° -f cos 36°. 

& Prove the following : 

(i) cos 2-4 - cos 25=2 (cos« A - co&^B). 
,.., „^ l-tan«^ 



(iii) ^-UV2sinl5'. 



2 2 



IIL 



1. Prove that the circumference of a circle varies as its 
radius. 

Find the area of a circle whose radius is 10 feet. 
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2. How many radians are there in the following angles : a 
right angle, the angle of a regular pentagon, of a regular hexiigon ? 

3. If the unit of circular measurement is 2|% what is the 
measure of 22^''? 

4 Prove the relation sec* A =tan' A + 1; show also that 
(1 - cot il)«+ (1 - tan il)« = (sec il - cosec j1)«. 

5. Trace the changes in tanul - cot il as il increases from 0*" 
to 90'. 

6. What are the complement and the supplement of an angle? 
Give the complements of 30% ^) 40^ ; &nd the supplements of 120% 

1.150.. 

7. Prove that sin(^+J5)sin(ul-J5)=sin*^-sin*5; also 
th t tan il-ftan^ _ sin (A+B) 

tan ^ - tan 5 "" sin (4 - jB) * 

8. If sin a==^ and cos ^= f , find the value of cos (a +^). 



IV. 

1. What is the circular measure of 60*" ? If the measure of 
an angle of 10* is 6, what angle is taken for unit ? 

2. Show that the angle subtended by an arc equal to the 
radius is the same for all circles. 

3. Trace the changes in the sine of an angle as the angle 
increases from 0** to 180"* ; also trace the changes in sin A +oos A 
as A increases from 90* to 180"*. 

4. In the triangle ABC, which has a right angle at C, find a 
and cos By given that c=13, 6 all. 

5. Two persons whose distance apart is 100 yards are situ- 
ated so that one of them is immediately underneath a balloon, 
and the angular elevation of the balloon to the other person is 
60*. Find the balloon's height. 
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6. Show that sin (180' - -4) = sin A, 

oos(180'-il)= -cosil. 
Deduce that sin (360° -^)= -sin B. 

7. Prove that 

8mil+BmJ5=2sm^ — r — ^cos — ^ — . 

Express as a sum, or difference, the following : 

siuilsin^, ^ cos 15*", sin(a+/3)cos(a'-0). 

8. Show that 

sin2ilB2sinilcoSil, cos2il=cos^^-sin>il. 
Find the value of cos 22^*". 



1. Show the truth of the equations : 

180 200 i» 
where d, g and B are respectively the number of degrees, grades 
and radians in an angle. 

Find the number of degrees in the angle whose circular 
measure is If. 

2. If AOPy AOP are two acute angles such that 

siniiOP=J, cos^OP'-^, 
show that 0, P and P' lie in one straight line. 

3. Give the values of sin 60*", cos 30"*, cos 90*", and show that 

sinl36'*-'~, cos 135'=--^. 

4. Find the value of sin 1170*", tan 2385*, and express 
cos 2110% sin ( - 160"), cot 670*, in terms of trigonometrical ratios 
of an^^es of the first quadrant 
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6. Provethat tan(^+B)=j^A+^. 

If taaA^i, tan(iH-^=i, findtan^. 

6. Prove geometrically that cos 2^1 = cos' .4- sin' ^ ; and if 
cos ai =^, show that cos 4 = Vs -r^ 2^2. 

7. If ^, i? and G are the angles of a triangle, show that 

. B+0 A 

sm-g-^cosg. 

8b In any triangle, prove that 

6sin(7=csin5, 
(sin 2A +sin 2B)=2sinC{a cos A'\-h cos B). 



VL 

1. Express the other trigonometrical ratios in terms of the 
cosecant. 

2. Prove that any trigonometrical ratio of an angle is equal 
to the corresponding co-ratio of its complement. 

3. Show that sin (180* --4) = sin A, cos (180** - ^) = - cos u4 ; 
and find the values of cos (810" - A), tan (990**+^), sin 1260\ 

4. Prove that 

(i) sin(iH-5)sin(il--5)=smM-sin«5. 
(ii) tanil-tan-B=sin(ii— 5)seci4sec5. 
(iii) sin(u4+5)sec5-cos(-4--B)coseci? 

=cos A (tan B - cot B). 

5. In any triangle show that 

c=acos ^+6cos^. 

Prove that (a+ c) sin -=6 cos— ^— . 
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ABC 

6. Find the values of tan -^ , tan -^, tan -= in terms of the 

sides of the triangle. 

Show that tan ^ tan ^+ tan ^ tan— + tan — tan- = 1. 

7. Prove the formula tan — ^r— - = i— - cot - . 

2 O-tO 2i 



VIL 

1. Why are minutes and seconds introduced? How many 
degrees does the hoinr hand of a clock turn through in half-an- 
hour? 

2. Find the number of grades in the supplement of the angle 
of a regular decagon. 

3. Prove that the difference of the squares of the cosecant 
and cotangent of any angle is a constant quantity. 

4. Find the values of the cosine and tangent of 60', 135% 150^ 

The sine of a certain angle is % ; find all the other trigono- 
metrical ratios. 

5. Prove the formulae : 

(i) sm -d +sm^=2 sm — ^ — cos — ^ — • 

.... sin3^-sin^ ._ . 

(") — ^Ta A = - cot 24. 

^ cos 34- cos -d 

,...v .A sin 4 
(m) tan^=- 



1 H-cos A 

6. Show that in any triangle 

a>s=6'+ c2 - 26c cos J. 

7. Define a logarithm, and find the value of the expression 

logs 31 +log5 626 - logs 12^6 - lo^r 343. 
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8. Having given two angles and a side, show how to solve 

the triangle. Find the longest side of the triangle ABC^ where 

il5=»1000 yards, OAB^^" Icy, CBA^^^ 15', having given that 

X cos 28' 26' =.9-9442409, 

Xoose** 46'=9-9969792, 

log 11291=^40627383. 

VIIL 

1. An arc of 12 feet subtends at the centre of a circle an 
angle of b(f ; find the radius of the circle, v being taken as equal 
to 31416. 

2. If sin a?=|, cosy =^, find sin (a?+y). 

3. Prove that 

sin* -4 - cos' -4 cos 2J?=sin'^- cos*^ cos 2A. 

4. In any triangle show that 

cos2ii cos2ig _ 1 1 

5. Find the area of the triangle whose sides are 193» 194 and 
196 feet. 

6. Write down the general value of the angle sec~~^ ( - 2). 

7. If cotiH-coseciia=6, findcosil. 

8. If aai23, 6=222, ca321, find B, having given that 

log 2« -3010300, log 111 -2-0463230. 
log 21 » 1-3222193, 
Ztanl4*38'=9-4168099, diff. for 1"«86. 



IX. 

!• Define the circular measure of an angle, and find the 
number of degrees in the unit of circular measure (taking ^ as 
the approximate value of «-). 
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2. If tan tf — . , prove that 

8in^(l+tan^)+cos^(l+cot^)-sec^«|. 

3, Prove the formulsB : 

08) 2co8 5-= ± Vl +sin -4 ± Vl - sin ^. 



(y) tan(46'-D = j^ 



oot^ 



cosec^' 

4. If il lies between 180*" and 270% and the numerical value 
of its sine is ^, determine cos ^ by means of the expression (/9) 
of the last question. 

5. Show thair in any triangle the sides are proportional to 
the sines of the opposite angles. 

6. If a straight line be drawn bisecting the angle ii of a 
triangle ABC to meet the opposite side in D ; show that the 
segments of this side are 

asin(7/(sin^+sin(7), and asinJ9/(sin^+sinC7). 

7. If in a triangle ABO^ -4 = 60", a«V3, 6=^2, solve the 
triangle and show that its ar«a is i^^. 

8. Show that the radius of the inscribed circle is - . In a 
right-angled triangle whose right angle is (7, prove that r+c^s, 

X. 

L Prove that 

(1 - cos tf) {sec ^+cosec ^ (1 +sec ^)}«=2 sec* tf (1+sin ^. 

2. A man wishes to measure the distance between two points 
A and B^ between which lies an obstacle. He therefore walks 
from j1 to (7 in a direction at right angles to AB a distance of 
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50 yards. He now finds that he can walk directly from C to 5, 
and that CB makes an angle of 60* with AC. Find the distance 
from A\xi B. 

3. Prove that 

cos (a~/9) cos 2/3 - sin (a- /3) sin 2/3 

= cos (j3 - o) cos 2a - sin (/3 - a) sin 2a. 
If cosA'sf, sinys=^, find cos (a? +y). 

4. Show that cos 4^1 =cos* A +sin* ^ - 6 sin' A cos* A. 

5. If ABC be an equilateral triangle each of whose sides is 
16 inches long, and in AB a point P be taken 10 inches from A^ 
show that CP is 14 inches. 

6. A base-line 300 feet in length is measured from the foot 
of a vertical tower, and at the end of this line the angular eleva- 
tion of the top of the tower is observed to be 33" 41' 24". Show 
that the height of the tower is very nearly 200 feet. Having 
given that Xtan 33" 41' =9 -8237981, diff. for r=2738, 

log 3= -4771213. 

7. Solve completely the equation cos' 6—\. 

8. A line is drawn through the vertex il of a triangle ABC 
dividing it into two triangles. Show that the ratio of the radii 
of their circum-circles is equal to 6/c. 

XL 

1. Does the value of sec B got from the equation 

«^ l-2cos'a 

sec'^=-^i a— 

l-cos*a 

give a possible value for Q 7 

2. Prove that sin ( - ^) ^ - sin ^, 

tan(90**-|-ii)==-cotA 
Given cos ^=^, find cot (90**-!-^). 

3. If2ii+5«=90%then 

cos-4=Vi(l+sin^). 
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4. Trove the formulae : 

(i) am{A-\-B)am(A-'B)=Bm^A-sm^B. 
(ii) H-cos4il = 2cos2i4(l-2sin2i4). 

6. Find 6 from the equation 

sin ^ + sin 2^ + sin 3^ + sin 4^ = 0. 

6. If F is the middle point of the side AB of sl triangle, and 
N is the foot of the perpendicular from C on AB, then 

sin (A-B) ^ sin A 
2NF " ~a" • 

7. C is the centre of the circle inscribed in a sector of a 
circle whose angle is 60**. From C the lines CD and CF are 
drawn at right angles to the bounding radii of the sector. Find 
the ratio of the area of the given sector to that of the smaller 
sector thus formed in the inscribed circle. 

XII. 

1. Define the sine and cosine, and prove that, 

secM = H-tan2il. 
Find the relation between sin A and tan A, 
In the triangle ABC, A is joined to I) the middle point of BC, 
show that cosec BAB : cosec CAB i: AB : AC. 

2. Prove that tan (180+ J)=tan A, and express in terms of 
positive angles not greater than a right angle, 

sin 3485", cosec (- 3970"). 

3. Write down the smallest positive and negative values of 6 
which satisfy the equations 

(i) ^/2sin^=-l. 
(ii) tan ^= - 1. 

4. If A and B are positive angles whose sum is less than a 
right angle, show that 

cos i^A-B) — cos A cos B-\-B\nA sin B. 
H. T. 19 
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Also show that, 

(a) taii3ils=(3tanii~tanM)4-(l-3tanM). 

« 1 - J cos* -4 - i cos* A 

5. Solve the equations : 
(i) cot^-cosec2il»l. 

(ii) cos^ A sin 3il+sin' ^ cos Sil =-^ . 

6. Find sin 18% and hj means of (a) in question 4, find 
tan 16". 

Prove the following : 
(i) sin A =sin 3i4 +sin 30% where -4 =64*. 
(ii) sin-iA+tan-iA=coa"^Mf- 

7. What are the formulsa for solving a triangle when the 
three sides are known? Prove that 

. A'B a-b C 
sin-^ ^-cosg- 

8. If ^ is the area of the triangle ABC^ and S' that of its 
pedal triangle, show that 

where a', 6', cf are the sides of the pedal triangla 



XIII. 

L Express the cosine and the tangent of an angle in terms 
of each other. Investigate a formula for all angles which have a 
given cosine. 

If sin il . tan^ = 1, show that cos A = ^--^ — . 

2. Find the sine, cosine, and tangent of 15*" imd 18^ 
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3. Investigate the value of tan (A+B)m terms of tan A and 
tan B, and thence deduce the value of tan (A'^B-\-C) in terms 
of tan Ay tan B and tan C. 

If tan ZA +tan ^A =0, show that tan A may have any of the 

following values, 

0, ±V5±2V5. 

4. Prove that 2 cos ^ = + Vl + sin il + Vl - sin il ; explain 
the origin of the double ambiguities in the expressions. 

5. Assuming that sin 210**= — ^, find the values of cos 105** 
and sin 105^ 

r V3-1 \/3+l-| 
L" 2V2 ' 2V2 J* 

6. Prove that cos -4 +cos ^=2 cos — ^— cos ^ . 

If sin 3-4 = sin 2 J, show that A may have any value included 
in 27*jr, or — - — ir, got by giving any integral value to n. 

7. Prove that 

2cos - = V 2+n/2+n/ V'2+2coSi4; 

the symbol indicating the extraction of the square root being 
repeated n times. 

« m xu I. • • -sin(ircos^) ^ . 

8. Trace the changes m sign of — 7 — : — ~ , as 6 mcreases 

^ ® cos(irsm^)' 

from to IT. 

XIV. 

1. Define the various trigonometrical ratios and express all 
in terms of the tangent. 

2. Prove the formula, sin ^=cos (90°-il), for the case 
where ^ is an obtuse angla 

Show that if an angle lie between 4^ and 5 right angles, its 
cosine is less than its sine, and if between 6^ and 7 right angles 
greater. 

19—2 
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3, Prove geometrically that 

. sin 2^ 
tan -4 = J 



'l+coa2A' 
Show that cos (-4 4-5+ C') 

=4 cos -4 cos 5 cos (7 -cos -4 cos(5— C)-cos-Scos((7— il) 

-cosCcos(^-5). 

4. Prove by means of one figure that, A being an obtuse 
angle, 

sin (90+i4)=cos A, sin (il -90*)= -cos A, 

cos (90+ii)= - sin A^ cos (il - 90)= +sin A. 

5. Prove the formula 

a h _ c 

sin A sin 5 "" sin C 

6. Show that if sin A sin 5< (cos ii + cos 5) (1 + cos (7), C 
being the least angle of a triangle, then the sum of any two 
of the perpendiculars from the angles on the opposite sides will 
be greater than the third. 

7. Given the two sides of a triangle and the included angle, 
show how to find its other parts. 

If 6=5, c=l, -4=60"*, find B and (7 having given that 

log 2 = -30103, Z tan 49" 6* = 1006237 

log3=-477l2, Z tan 49*7'= 10-06262. 

8. What is the "ambiguous case" in the solution of triangles. 
Discuss the following cases, 

(a) a=10, 6 = 21, A^SO'*; 

03) a=2, 6=V3, ^ = 45'; 

(y) a=2V3, 6=4, il = 60'; 

(5) tt = 3, 6=4, J =60% 
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XV. 

1. Show that the circumference of a circle varies as its 
radius. 

The four angles of a quadrilateral are in a. p., and the differ- 
ence of the greatest and least is equal to a right angle. Express 
each of the four angles in degrees and also in circular measure. 

2. Define the cosecant and cotangent of an angle and prove 
that cosec^ A +cosec* (90* - ^1) = cosec* A . cosec^ (90 - A). 

If sin ^= ^, find cos 6 and tan 6* 

3. Prove that 

cos B- cos il =2 sin ^ (il - jff) sin ^ {A-\-B), 
Show also that 

cos {A-[-B) cos {A - 5)+l=co8M+cos2.B, 

tan bA tan 3J. tan 2il=tan 5-4 -tan ZA -tan 2A, 

4. From the equation sin 3 J. = 3 sin il - 4 sin^ A^ find sin A, 
given that sin 3^1 =|f. 

5. Prove that in any triangle 

a cos -B -f 6 cos il = (J, 
Show also that 

1 ^A \ .B \ ^C «« 

- C0S2 -r + T C0S2 ~ + - C0S2 o = -T-. 

a 2 6 2 c 2 aho 

6. Find the formula for solving a triangle when two sides 
and the included angle are given. Show how the triangle may 
be solved if the difference of two angles and the sides opposite to 
them are given. 

7. Find the radius of the circumscribing circle of a triangla 

If is the centre of this circle in the triangle ABC^ show that 
the areas BOOy CO A, A OB axe proportional to sin 2il, sin 2B, 
sin 20, 
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XVL 

1. Show that the measure of the length of an arc of a circle 
is equal to the product of the measure of the radius and the 
circular measure of the angle subtended by the arc at the centre. 

Given that »r=3-14159, find the length of an arc of a circle 
which subtends at the centre an angle of 16% the radius of the 
circle being 12 feet. 

2. Show that sin (wtt + ( - 1 )* o) = sin a. 

Write down the general value of 6 when sin* O—sin^a. 

3. Pl\)ve geometrically, for the case when A is acute, 

coa2A=coR^A-am^A, sin 2il= 2 sin -4 cos -4. 

4. Prove the following identities : 

(1) ta,n{A+B)isLn(A-B)={ta,n^A-ta.n^B) 

H-(l~tanMtan2^. 

(2) sin 3ii +COS 3ii =(cos ^ - sin -4) (1 +4 sin -4 cos A). 

.„. sin^+sin5^ «^ ^ 

(3) ' oZ • .^ =cos2^sec^. 
^ ^ sm2^+sm4^ 

5. In any triangle show that 

^^=-26r"- 

Show also that 

(68~c2)cotii + (c8-a«)cot5+(a2-5a)cotC=a 

6. Show that the radius of the inscribed circle of a triangle 

. B . C A 

IS a sm 5^ sm Q sec -^ . 

^ Z 2b 

Prove also that = -^ . 

rj rg rs 

7. From the top of a tower a person observes the depressions, 
a and /S, of two distant points in the horizontal plane at the foot 
of the tower, and also the angle 6 subtended at his eye by the 
line joining the points. The distance of these two points from 
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each other he knows to be a miles. Shew that the height of the 

tower IS —— ^— — ^^— ^— ^.^— ^^-^^.^ 

(cosec a H-cosec j3) COB <^ ' 

A 

2\/cosec a cosec /3 cos 5 

where sin 6 = . 

^ coseoaH-cosec/3 

8. Define sin -i ^, and show that 

{cos (sin - 1 ;r)} « = {sin (cos^^ a?)} *. 



XVII. 

1. Trace the changes in sign luid magnitude of sin (ir cos ^ 
and of sin ^+ sin 2^, as 6 increases from 0° to 180^ 

2. Find the most general solution of the equation 

8sin2^=3-V5. 

3. Show that if the value of sin A be known, then sin ^ 
may be any one of 4 numbers. 

Having given that sin 143*"= -6018150, 
show that 2 sin 71' 30' = 1 -8966 nearly. 

4. Show that the area of a triangle whose sides are a, 5, o is 
equal to i V26«c« H- 2c%2 + ^^l^ -«*-&*-(?*. 

5. If in a triangle 6= 520, c= 460, A =62*" 36' find B and C^ 
having given 

log 3= -4771213, log 7 -•8450980, 

L cot 31' 18'= 10-2160896, 

Z tan 5^45' =9-0030066, Ztan 5" 46'= 9-0042721. 

6. The elevation of a tower from a point A due N. of it is 
observed to be 45°, and from a point B due E. of it to be 30**. 
If iljB=240 feet, find the height of the tower. 



296 TRIGONOMETRY. 

7. If «*i and wig are the lines joining the vertices A and B of 
the triangle ABO to the middle points of the opposite sides, show 
that 4 (V - ma^) = 3 (62 - a^), 

8. Show that the area of a qiiadiilateral inscribed in a circle 
is V(« -«)(«- 6) (s - c) (« - flQ. If this quadrilateral is also capable 
of having a circle inscribed in it, show that its area is »Jabcd, 

XVIII. 

1. Find the circular measure of the angle 29* Kf (taking ^ 
as the approximate value of n), 

2. Prove that 

(1 +sin Ay {cot A+2secA{l- coseo A)} +coseo A cos' ^1 =0. 

3. Find all the positive values of $ between and 2n- which 
satisfy the equation sec* 6 cosec* 6-\-2 cosec* ^ = 8. 

4. Prove geometrically that 

J, . n . A+B . A-B 

cos^-coSil=2sm — - — sm —z: — • 
2 2 

Also show that 

coa{B+C)coa(B'C)-(i08{A + C)cos(A-C) 

=^8m (A + B) sin (A -B). 

5. Find all the angles of the triangle ABC in which a =6*1 
inches, 6=4*6 inches and 5=38°, having given 

log 61 = 1-78633, Zsin66'34'=9-92144, 

log 45 = 1-66321, Z sin 66" 35' =9-92152, 

X sin 38** =9-78934. 

6. If Ti be the radius of the circle escribed to the triangle 
ABC opposite the angle -4, and R the radius of the circum-circle, 

prove that ri=4/i sm ^ cos— cos — . 

The perimeter of the triangle formed by the feet of the perpen- 
diculars from the angles on the opposite side is 
AR sin il sin 5 sin C, 
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7. Find all the solutions of the equation 

2sin2 4?=cos2 — . 

8. If the diagonals of a quadrilateral A BCD intersect in 0, 
show that 

area ^0^. area ^Z?CZ>=area ABC. area ABD. 



XIX. 

1. Define the sine, cosine, and tangent of an angle and show 
how the definition includes angles of any magnituda 

Trace the changes in sign and magnitude of tan ^+sec ^, as ^ 
changes from 0" to 360". 

2. If ii + 5 be less than 90% find cos (il + jB) in terms of the 
sine and cosine of A and B, 

Prove that 

(i) cos (16* — a) sec 15* - sin (15* — a) cosec 15* = 4 sin a. 

.... c ot^+cot^ coti?-i-cotC QoiG-\-cotA 
^"^ tan.l+tanJ?"^tanJ?+tan(7'^tan(7+tan.l'*' ' 
where ^+5+C=180*. 

3. Find expressions for all the values of 6 which satisfy the 
equation sin 4^ = sin 6. 

If B^ and 6^ be values of 6 which satisfy the equation 

acos^+6sin^=(j, 

008 -^^' sm \ ^ cos ^- * 

then ^— ^— = I =s — — — . 

a c 

4. Prove that in any triangle 



sin -4 c Bin {A -By 
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5. If / be the centre of the inscribed circle, and P the ortho- 
centre, then 

/P»= A« (1 -8cos -4 cos 5co8 (7). 

6. Two objects P, Q are observed from stations A^ B, It is 
found that AP, AQ make angles a, /3, respectively with the line 
BA produced; BP^ BQ make angles a', p with the same line; 
prove that the area of the triangle PAQ is 



. oj sing^sinysinO-a) 
2sin(a-a')sin03-i9O 



7. Show that the distances from A, one of the angular 
points of a regular octagon ABCDEFGH^ from B^ C^ I) ro- 
spectively are in the ratio 

8. Prove that 

sin A (sin 2A +sin 41 +sin 6il)=sin ZA sin 4X 

9. In any triangle show that 
(62-c8)cot2^+(c«-a2)cot«|+(a2-6«)cot2 ~ 

«-^(a+6+c)(6-c)(c-a)(a-6). 

10. From the equations, 

cosa7+cosy+cosa=0, 
sina7+siny+sino=0; 
deduce the equations, 

cot— ^=coto, cos -2^= ±5. 



XX. 

1. If A and B be each between 0* and 90", prove geo- 
metrically that 

sin^+sinB=2sin^(ii-f-^)cosi(il-^. 
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Prove the formulsB : 
(a) cot -4 - cosec 2A = cot 2A. 

2. Given that tan B=i, find the values of sin $ and tan 26, 
and explain why it is that sin $ has two values and tan 26 only 
one value. 

3. Find an expression for all angles which have the same 
cosine. If 2 cos (34; - 45") =1, show that ^=n. 120° ±20" + 15**, 
where n is any positive or negative integer. 

4. Find the cosine of an angle in terms of the sides, and 
prove that in the triangle ABC 

Employ the formula to find the angle A, having given 
a=29, 6=18, c=23. 
log 34= 1-5314789, Z tan 44" 35' =9*9936832, 
log 35 = 1-5440680, Z tan 44" 36' =99939359. 

5. A spectator ascends a tower to a small window at a 
height A, and observes the angles of depression of two objects 
A and B on the horizontal plane on which the tower stands and 
in the same vertical plane with the window to be 30" and 15". 

Show that AB^2h. 

Prove also that if the spectator ascends a further height 
2A (V3 + 1), the distance AB will again subtend the angle 15" at 
his eye, 

6. Find the magnitude of the radius of the inscribed circle of 
a triangle ABC; if 7 is the centre of the inscribed circle show 
that the radius of the circle inscribed in the triangle BIC is 

. B . C 

sin -J sm - 

sl2a 



A . A' 
cos-r -sm- 
4 4 



300 TRIGONOMETRY. 

7. Show that the area of a quadrilateral ABCD inscribed in 
a circle is s^{8-a) (s-b) (s-c) («— ci). 

If a =c prove that cos jB= (6 - d)/2a, 

8. How does the solution of a trigonometrical equation differ 
from that of an algebraic one ? 

Solve the equations, 
(i) cosd-V3sind=l. 
(ii) cos^+cosassin^+sino. 



ANSWERS TO EXAMPLES. 



L (Pagb 8.) 

1. (1) 50«. (2) 208. (3) sot. (4) llOs. 
(6) 3«6r60". (6) 69»16^9r. (7) 120»3r50^ 
(8) 18«66'16-4\ (9) IS^S^^-i (10) 6«72*66**-4. 

(11) 192«6r97". (12) 30«19*l-2^ 

2. (1) 22° 30'. (2) 9^ (3) 13° 30'. (4) 64'. 
(5) ll°51'61"-8. (6) 112°35'30"-12. (7) 31° 57'. 

(8) 8"-24. (9) 9*'8'29"-662. (10) 62° 14' 8"-692. 

(11) 64'32"-724. (12) 10'61"-888. 

3. 19°. 1°. 4. 36°, 18°. 6. 36°, 72°, 72\ 
6. 30°. 9. -22 nearly. 



n. (Page 13.) 

1. (1) 60®. (2) 18°. (3) 16*». (4) 3^20'. 
(6) 270°. (6) 240°. (7) 6r*17'44"-81. 

(8) 672°67'28"-l. (9) 1° 8' 46" nearly. (10) 86° 66' 86". 
(11) 34° 21' 49". (12) 18° 13' nearly. 

2. (1) f. (2) I (3) ^. (4) l (6) ^. 

<«) m- <7) 7io- <^) mo* W lOx. 

(10) -08576^. (11) •018276T. (12) •128475»-. 

(13) •3369431-. (14) '-46827^. (16) j^. 
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m. (Paqb 15.) 
1. 628 yardfl nearly. 2. 4000 miles. 3. 49 feet. 4. 22' 
5. 6 yds. 7. 7 A inches nearly. 8. &"- 9. 16° 12' 46". 

IV. (Page 17.) 
1. ^,1140°. 3. 19-8 feet nearly. 4. |. 

5, dl4f sq. feet. 6. 9r sq. inches s28f sq. inches nearly. 

10. -39 of a mile nearly. H, 1*309 feet. 12. y 

13. 100°, 80°. 14. 1087. -918. 16. 2600». 

17. 30°, 60°, 90°; 33it, 66^, 100«. 18. 40°, 60°, 80°. 

19. 39°, 60°, 81°. 20. 64f°. 

21. (i) 108°, 120«; (ii) 120°, 138-3«; (iii) 144°, 160«. 

22. 6°. 23. 128°. 24. |, |;:. 26. 6. 
26. -60626. 27. 5. 28. 69° 69' 68",^. 

29. !''• 30. 2094*4 miles approx. 

31. 66°24'30"*38. 32. a= 89, 6=30. 

VL (Pagb 27.) 

1, cos-4 = ^, tanil = -7^, 0O8eCil=:2, seo-4=-75, coiAssJS. 

2, BmA = —^tt&nA^lt<30BeoA=iBeoAss^2,oo^Assl, 

n ' J ^ J ^ ^6 ^6 ^^3 

3. sm-4=p, coSii=^ , coseo-4=Tt 8cc-4=Sf ooti4=-7. 

00 4 o 4 

4. sini4=j,co8i4=^^,ianii=— -, seOi4= -^,ooti4=/^16. 

^ 11 . . 60 ^ ^ 60 ^ ^ 11 ^61 

6. oobA=^, emA=^,tasiA=j^, cotii=^, coseo^=gg. 

6. Bin4=^^il-^^,cos^=.2/i^^ 

4 4 

sec-4= a/6- ^/2, coseCii = >/6+<y2. 
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6. 6. 





IX. (Page 41.) 


1. 


ij2~2' ^' 3* ^' \/2* *• ^• 


6. 


0. 7. 1. 8 4--^-? 




n/8 n/2 4- 


9. 


?-?#. .0. |. .1. ..^. 



X. (Page 44.) 

1. ^=60»,B=30°, c=2v^21. 2. ii=46°,B=46o, 6=4^2. 

3. ii=30°,B=:60°, 6=6^3. 4. ^ = 60°, B = 30°, 6=2. 

6. ^=450, B=46S 6=^2. 6. B=60^ a=6, 6=5^3. 

7. B=76o,a=3(V^-^^), 6=3(^6+^2). 

8. B=30°, c=10, 6=5. 9. B=46°, 6=10, 0=10^2. 
10. ^ = 14028'2r, B=75°31'39", 6=11-6196. 



XL (Page 49.) 

1, 116 feet 4 inches nearly. 2. 57|feet. 3. 80®. 

4. 28-8 yards nearly. 6. 19 nearly. 6. 166-7 yards. 

7. 7 feet. 8. 73-2 feet. 9. 76 (1+^3) feet. 

10. 76 feet. 11. 236 feet, 186 feet. 12. 346-4 feet. 

13. 25(^3 + 1) feet. 14. ^B=86-6, BC=60. 15. 30°. 

17. 46J yards. 18. ^ of a mile. 19. 260 yards. 

20. '^ofamfle. 21. 86-6 feet. 22. 72 feet. 

23. 200 feet 26. one inch. 

27. 18(2+^3) feet, 6(2+^3) feet. 

28. length=6V2, breadth=26. 29. 126 (,^3 + 3) feet 



Xn. (Page 74.) 
.1. (2) -i, (3) -V8. (4) -V3, (6) -^2, (6) -^^ 
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2. (1) -n/3, (2) -1, (3) -2, (4) ^, (6) -1. 
4. 2. 6. (1) 'Bin A, (2) -Bin^,- (3) -cot -4, 

(4) ^cotA, (6) Bin A, (6) oobA, (7) cot^ (8) \. 

Xm. (Page 81.) 

249? . 33 13 81^ 

^^' 2601' *^' 66* ^^' 1037' 
.. 16^7"98+3 .- g 

^^^ 666 ' ■^^- 8^/2 + 8* 

XIV. (Page 85.) 

^' 26' 26 ' *■ " 7 ' 

XVL (Page 92.) 

1. 8ln2a + Bin2/S. 2. sin 4a + sin 2a. 3. sin 38° - sin 16**. 
4. sin 3d + sin ^. 5. oos 12i4 + oos 2^1. 6. cos 8d - oos lOd. 

XIX. (Page 112.) 
*• 27* ^' 16* 

TTT (Page 131.) 

1. (i) ++, (u) ++, (iii) --, (iv) -+. 

2. (i) +-, (ii) +-, (iii) -, (iv) -. 

3. (i) +, (ii) +, (iii) +, (iv) +. 

XXII. (Page 139.) 

22a 

4. 691 yards nearly. 5. 7x6x180 * ^' ^^? y*^^^' 



XXVII. (Page 168.) 
2. 2-79588, 3-39^ 
4. 1-8760613, 4-6632126, 2-6930604. 



1. 0, |,^. 2. 2-79588,3-39794. 3. -2,-?,-^. 
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6. 3-2886963, 5-4771213, - 2-4771213. 

7. -4149733. 8. eighteen digits, twenty-one ciphers. 
10. 5-77609666. H. 1-449669 nearly. 

XZVm. (Page 163.) 



1. 


-6630863. 


2. '8268469. 


3. 


34<'ir39"-8. 


4. 


-2122724. 


5. -65121948. 


6. 


-8054429. 


7. 


1-1675906. 


8. 2-88163677. 


9. 


•2777944. 


10. 


•97684374. 


11. 8-1079046. 


12. 


•731367. 


13. 


•9510560. 


14. 1-3031731. 


15. 


-2276941. 


16. 


30°0'1"^1. 


17. 17°2r27"-3. 


18. 


19°28'16"-3. 


19. 


25°6r30"-9. 


20. 26°33'54"1. 


21. 


41°24'34"-6. 


22. 


82°49'9"-2. 


23. 64°2'41"-6. 


24. 


75°67'49"-6. 


25. 


78° 41' 24". 


26. 16°8'32"1. 


27. 


46°14'l"-7. 






XXIX. (Page 169.) 




1. 


9-3690612. 


2. 9-6687660. 


3. 9-6989736. 


4. 


9-9376294. 


6. 9-8496903. 


6. 9-6624836. 


7. 


9-2607238. 


8. 10-6770862. 


9. 10-6372318. 


10. 


10-4732944. 


11. 10-5034627. 


12. 9-7500491. 


13. 


3P24'22"-1. 


14. 8°49'4"-5. 


15. 76°26'2"-7. 


16. 


23° 12' 26". 


17. 12°13'33"-7. 


18. 61°7'6"3. 


19. 


69°67'16"-9. 


20. 30° 62' 38". 







XXX (Page 172.) 



1. 13-17647,21-92728. 

3. 1029729,1-304883. 

6. 16-396. 

7. 9-042839,28-90945. 
9. 7-072344,7-142524. 



2. 321-07 ft. nearly. 

4. 13-47296, 16-32089. 

6. 16-28637, 24-69028. 

8. 10-25719, 20-97454. 

10. 258-3323, 241-321. 



XXXI. (Page 175.) 

1. |=69°17'42"-6. 2. ^=6°ir20"-6. 

3. Half the greatest angle = 34° 26' 21"-226. 
H. T. 
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4. A^SV 19' 4", B = 18« 11' 41"-. 

5. 60°28'43"-6, 68°68'32"-6. 6. 8°27'4(y'-4, 34°54'16''-6. 
7. lO^'ll'lT", 99°35'38"-6. 8. 32° 67' 6", 61° lO* 68^-2. 
9. 68*' r 48", 69° 29' 23^ 67° 22' 49". 



yyyTT (Page 179.) 

1. 116° 33' 64", 26° 33' 64". 2. 6° 1' 63"-9, 108° 68' 6"-L 

3. 71°44'29"-6,48°16'30"-6. 4. 90°, 30°, 2^3. 

5. 88°28'2"„11°31'68", c = 4-925. 

6. 98° 6' 3", 66° 63' 67", 664941. 

7. 126° 2' 34"-6, 37° 67' 26"-6, 39-885. 

8. 96° 6' 26"-8. 21° 63' 34" -2, 71039. 

9. 102° 62' 62"-6, 37° 7' 7"-6, 13847. 



ZXXm. (Page 185.) 

1. 18°26'6"-8. 2. 18° 12' 36"-9, 151987. 

3. 11-91753, 16-6672. 4. B=90°. 5. c=6j5^^. 

6. B=90°. 7. 113° 30', 26° 30'. 

8. B=: 90°, ambiguous, no triangle. 

9. 60°, 75°, ^/6; or 30°, 105°, ^2. 

10. 36° 6' 48". 11. 34°8'16"-2. 

12. 44° 37' 42", 82° 50' 3" ; or 30° 17' 48", 97° 9' 67". 

13. c=14, P=12. 14. 70° 53' 36", 49° 6' 24^ 
15. 382094 sq. feet. 16. 144° 8' 15", 29° 61' 46", 2294636. 

17. 4227-481. 

18. Side opposite 70 is 1035-43, other side 765*4321. 

19. 67°68'32"-5, 44°2'66"-5. 20. 137° 14' 25", 4° 19' 36". 

21. Angle opposite 394 is 39° 36' 11", the other angle is 28° 20' 49". 

22. 66-07845. 

XXXIV. (Page 194.) 

4. 2879 feet nearly. 5. 331-6912 feet. 6. 14-9394 feet. 

7. 2032-82 yards. 8. '2039 of a mile. 9. 2118-05 yards. 

11. 155-8 feet. 12. 212-85 feet, 618-17 feet. 

14. 291-49 yards. 
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ZXXV. (Page 199.) 
3. DP= 238-6, DQ= 480-6. 8. 10 miles an hour. 

10. 100 feet, 26 feet. 11. 120 feet. 14. 26(^10+^2) feet. 
15. 20-67 miles. 21. PB= 142 09 yards. 
42. If il is the position of the observer, the circle through the 

extremities of the pillar touches the horizontal at A, 

XXXVL (Page 215.) 
1. (1) y^|»8^|.n/16,3V16. (2) |^/6,|^/6,V6,1V6. 

(4) T»273•^^^^'^^^• ' (^> ^2, 2^2, 6 ^i, 10^2. 

XL. (Page 245.) 
1. nrig; nir±g. 2. nir + ^; nT + |. 

3, nir + g;nir+j. 4. nir±j; nT±g. 

6. «»"=*=|; wir=*=f • 6. «*■=*=!; '**'*i' 

7. 2nir±|. 8. 2nir;2nir±|. 
9. nir-, 2nT±|. IQ. nir; nir±g. 

11. fMr+-Ihg. 12. nT+j;nT+g. 
13. 2nT; (2n + l)g. 14. nr; nir+ -I|»|. 
15. «ir-j+-r|*g- 16. 2nT; 2nT+y. 

17. sm^=Jor-i. 18. 2wt; 2nT-|; 2nT+|*db|. 

19. «T+-ll*g; 2«T±?. 20. nir;nir+-il«|. 
22. nT+a;nir+2+a. 23. -j-* 
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XLL (Page 247.) 
1- ■»» -W^U' ^' ^''*^2' 4 + ^» 16- 



l»'*l+-^"^- *■ (4n=bl)|;nT+J;2nir+|, 



**2* "8"^ *' 18 
5. nir; 2n|±jg. 6. 2nT 

nr nir 



a 



2nT . T 



nx ,„ 2n«-. (2n+l)x . (2n+l)«- 

9. «';t' 10- ^T^-^~'~T~- 

11. ^; 2nx+|; (4n+l)|. 12. (4n±l)T; nx; (2n+l)g. 

13. (an+l)x; (4«+l)^. 14. (4n=fcl)x;^+-il»^. 

r T -^ '« 4nir . 2ir 

15. 2nT±g^; 2nir±2^. 16. 2ni-+a; -g-± y-a. 

17. 2nir; (4n + l)^. 

TT.TT, (Page 249.) 
1. 0. 2. — g— . 3. 20 • *■ 9 • °' 

6. |. 7. ^. 8. V3; -^/3-2. 9. 2. 

10. . "^ , 11. ^/3. 12. ^. 

XT.m. (Page 254.) 

nv IT e war wr 

3. nir±o. 4. y'^^ig' "• "8"' T'**'- 

IT ,«. -» T IT 2nv T 

6. 2»x±5;(2«+l)3 + j5; -^--gg. 

nx+-Il"f X „ nx 

7. »x; J 8. nx; nx-j; 9. wj-g-- 
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10. ^; (2» + l)j. 11. 2nir;2nir-\-a. 

12. ?^ + f,;(2»H-l)|-|. 13. „x. 14. f. 

15. 2nir±g; (2/1+1) ir-g. 16. nir. 

17. 2nT±^; 2nT=fc^; 2nir±|. 18. nr^^; nw^^. 

2 ^ 
19. 008^=5. 20. 2nir; n1^+-^l*3• 
21. (2n + l)ir; 2nir±|; 2nir=fc^. 22. ^+-ll*f. 
23. «ir±|; nir + tan-i^l^ootiiV 24. l(nT± V^i^+16). 

25. 2aj + 3y = 2nir±|, 8a; + 2y=2mT±|. 

26. ain(^+^) = ^. 27. nx; ^. 28. 2^. 
29. a«+62=l. 30. ^-^.=2. 31. (ma-n«)a=16mn. 
32. a;a+y«=2a«. 33. p + |^=l. 

35. 2a; =Ay(&+c)2seo» a +(6 -0)3 00860^0. 

39. {m+n+l-(f»-n)2p+(m-n)8=2. 

XIiTV. (Page 265.) 
2. (1) 1. -1.1^. 
. (2) -1, oo8^±iy^sin^, -008-j±A/^sin-^, 

2* f - COB -|^ - V^ Bin -^ j . 
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MISCELLANEOUS EXAMPLES. 

1. 80°, 26°, 125^ 2. 90°. 3. 6*». 

4. 46°, 76M06M36°,orj.||, j|,?|. 6. That number 
of sides is the same in both. 8. 50° 6' nearly. 

10. t-^iVl5.>tanB=^g. 

12. (1) nir+(-l)-?,sin-i(-|). 

(2) «T+(-l)«g, (3) nT+|, nir + ^. 

13. ^=nir±o, 0=2nT + '^, 46. «=2,or-l. 

4 

61. (1) ^=2iiT or 2nT+|. (2) nir±|, (3) y±~. 

(4) (?=?!i+2r+(-ir^+(-ir^, 
(6) (?=nir=tl,nir=bj±^, nir=fc^, (6) <?=(2n + l)J. 



66. a«+c*-2acoo8 20=6«. 70, «=0, y=^. 

_„ 1 j cos (n-t- l)tt s in na) 

^2- 2 r ^^^ — ^f ' 

_,« 1 , na? a; / . n+3 . n-1 . n+7 \ 

73. jsin-g- cosec ^ (sin -^ x + sin-^- a + sin -g- * j 



1 . dna; 8x . dn+9 

-^Bin-^cosec-^sin — ^ — «. 



74. ^cot^,-2cot2a.. 

83. ii = 86° 64' 16", B = 18° 9' 31" nearly. 

84. B= 28° 14' 60" nearly. 

85. 78°27'46",^=90°,B=60^ 91. 66 feet. 
92. 314*169 sq. inches. 103. 8 feet nearly. 

104. Ratio of areas is 2+ n/3 : 2. 114. 26*7834. 

115. Bides are 7, 8, 6, angles 38° 12' 48", 81° 47' 12". 

120, -636. 



1, |(>/3 + l), n/2, I (V3 + 1), 1. (6) ?^ , 2^2. (6) J (2^6 + 1). 
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EXAMINATION PAPERS. 

I. (1) 16. (2) 9, 168. (3) 44 feet. (6) 84 feet nearly. 
(7) 114° 36' nearly. 

II. (1) 1200°. (3) For .1=0°, 30°, 46°, 60°, 90° the values are 
|(V3 + l),V2,i(^ 

(7) 2 sin 35° COB 30°. 

in. (1) 314-69 sq. feet. (2) |, ^, ^. (3) 9. 

2 2 

(6) For the values 0°, 30°, 46°, 60°, 90° we have - °° » " -73 » ^» ^73 » ® • 

(6) 60°, 1 , 608; 60°, 1 . 60i. (8) Vl^^ll . 

IV. (1) |,1°40'. (4) a=4V3,co8B=^. 

(6) 100^3 feet. (7) i {oos(ii-B)-oos(.l+JB)}, 

5{co876°+oos46°},^{8m2a+sin2/3}. (8) aJ^^- 

V. (1)70°. (4) 1, +1,008 60°, -cos 70°, cot 30°. (6) --. 

VI. (3) sin -4, -cot^, 0. 

Vn. (1) 16°. (2) 40«. (4) cosine is |, tangent is I . 

(7) 1. (8) 1129-1. 

Vm. (1) 13-7 nearly. (2) ||. (6) 16296 sq. ft. 

(6) 2nir±^. (7) j|. (8) JB= 29° 17' 32" nearly. 



IX. 


(4) 


2-^/6 
2^6 • 






X. 


(2) 


60^3 yards. 


(3) 


36 
86 


XI. 


(2) 


-20- <^) 


9 
2* 





(7) #=nT±|. 
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XU. (3) 5. -I; 5. -|. 

(6, - + r. ^ + (-1)-^. 

XIV. (7) 109'' 6' 24", 10«63'36". 

XV. (1) 46«,76M06%136°; |,||,g,^. 

(2) ±gg, ±^. (4) Bm^=- is one solution. 

XVI. (1) 8-14169 feet. (2) f«r±a. 

XVn. (2) d=nT±~. (6) 64° 27', 62° 67'. (6) 120 feet 
YVTTT /i\ ^^ /Q\ «• 4ir 2ir 6t «- 6x 3ir 7ir 

^^^' ^^' 108- <^' 3'T»yr'4'T»T'T- 

(6) ^=66° 84' 16", 0=85° 26' 46" or ^=123° 26' 45", 0=18° 34' 16^ 

(7) (2n+l)T,nir±^. 

XIX. (3) ?|?.(2!L+1)I. 

XX. (2) =t|,y. (4) 89°10'10". (8) (1) 2nir,2inr-^. 
(2) 2fMr+^-tt, (2n-l)ir+tt. 



cambbiooe: printed by j. a c. p, clay, at the univbbsity press. 
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COMPLETE LIST. 





1. GREEK. 






Author 


IVork 


Editor 


Price 


ArlBtoplianeB 


Aves — Plutus — Ranae 


Green 


3/6 each 


>) 


Vespae 


Graves 


3/6 


DttmoBtlieiieB 


Olynthiacs 


Glover 


Tn the Press 


Surlpldes 


Heracleidae 


Beck & Headlam 3/6 


*> 


Hercules Furens 


Gray & Hutchinson «/- 


>t 


Hippolytus 


Hadley 


1/. 


» 


Iphigeneia in Aulis 
Hecuba 


Headlam 


»/6 


>t 


Hadley 


»/6 


)i 


Alcestis 


If 


»/6 


i> 


Orestes 


Wedd 


4/6 


Herodotni 


Book V 


Shuckburgh 


. 3/: 


»» 


„ VI, VIII, IX 


II 


4/- each 


»» 


„ VIII 1—90, IX 1—89 


i» 


tl6eaeh 


Homer 


Odyssey ix, x 


Edwards 


ilStach 


II 


XXI 


II 


a/. 


II 


Iliad VI, XXII, XXIII, xxiv 


ft 


»/• each 


Ladan 


Somnium, Charon, etc. 


Heitland 


3/« 


>» 


Menippus and Timon 


Mackie 


36 


Plato 


Apologia Socratis 


Adam 


3/6 


It 


Crito 


I* 


«6 


»» 


Euthyphro 


If 


«/<5 


i» 


Protagoras 


J. & A. M. Adam 4/6 


nataxoh 


Demosthenes 


Holden 


4/6 


»» 


Gracchi 


i» 


6/- 


t» 


Nicias 


f» 




t» 


Sulla 


»» 


6I» 


11 


Timoleon 


II 


6/- 


8opho6to8 


Oedipus Tyrannus 


Tebb 

Spratt 

Holden 


4/6 


Tliiioydldes 


Book III 


5/- 


i» 


Book VII 


«/• 




Agesilaus 


Hailstone 


t6 


»» 


Anabasis Vol. I. Text. 


Pretor 


M- 


ft 


Vol. II. Notes. 


•> 


4/6 


»> 


I, n 


II 


. ♦/■ 


It 


I, III, IV, V 


It 


i/- each 


t» 


„ II, VI, VII 


II 


^16 each 


«« 


Cyropaedeia i, 11 (2 vols.) 


Holden 


61. 


If 


„ III, IV, V 


II 


5- 


•I 


„ VI, VII, VIII 


II 


s/- 


5 


I 






a2.z1.96 
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2. LATIN. 



Cicero 



AMthor Work 

De Bello Gallico 
Com. I, III, VI, VIII 
„ ii-m, and vii 
,1 i-iii 
„ iv-v 
De Bello CivilL Com. i 

„ ,, Com. Ill 

Actio Prima in C. Verrem 
„ De Amicitia 

„ De Senectute 

„ Div. in Q. Caec. et Actio 

Prima in C. Verrem 
„ Philippica Secunda 

„ Pro Archia Poeta 

«y „ Balbo 

„ „ Milone 

„ It Murena 

„ >» Plancio 

f» )> Sulla 

„ Somnium Scipionis 

Comelliif NepM Miltiades, Themistocles, Aris- 
tides, Pausanias, Cimon 
„ Hannibal, Cato, Atticus 

Epistles. Bk i 
Odes and Epodes 
Odes. Books i, iii 
„ Book II, IV 
Epodes 

Books IV, VI, IX, XXVII 
fi V 
„ XXI, XXII 

Pharsalia. Bk I 
Pharsalia. Bk vii 
Book v 

Fasti. Book vi 
Metamorphoses, Bk i. 
Epidicus 
Stichus 

Alexander in India 
Agricola and Germania 
Hist. Bk I 
Hautontimonimenos 
Aeneid i to xii 
Bucolics 

Geoi^cs I, II, and iii, iv 
Complete Works, Vol. i. Text 
„ „ Vol. II, Notes 



Editor 



Price- 



Horace 



Llvy 



Lucaa 

»» 
Luoretliui 
Ovid 

Plautm 

QnlntusCiirtliif 
Tacitus 

Terence 
VergU 



Peskett 


il6 each 


»» 
»» 


«/- each 
3/- 


♦» 
ft 


4f 


» 


In the Press 


Cowie 


tl6 


Reid 


3<5 


>» 


3/6 


Heitland & Cowie 3/- 


Peskett 


376 


Reid 


.t 


»» 


1/6 

1/6 


Heitland 


3h 


Holden 


4/6 


Reid 


36 


Pearman 


«/- 


Shuckburgh 


'1.1 


)» 


HI 


» 


a/6 


Gow 


5/- 


>» 


1/- eack 


» 


116 each 


»» 


1/6 


Stephenson 


4/6 each. 


Whibley 


lis 

»/6 each 


Heitland & Haskins 1/6 


Postgate 


V- 


Duff 


»/- 


Sidgwick 


16 


Dowdall 


1/6 


Gray 


3/- 


Fennell 


tk 


Heitland & Raven 3/6 


Stephenson 


3/- 


Davies 


,16 


Gray 


. 3/- 


Sidgwick 


lISeacA 


»» 


1/6 


»» 


if- each 


Kt „ 


il6 


>tes „ 


4/6 






THE PITT PRESS SERIES. 





a. FRENCH. 






Author 


H^ork 


Editor 


Prici 


Aboat 


Le Roi des Montagnes 


Ropes In the Press 


Biart 


Quandj'etais petit, Pt 1 


BoieUe 


a/- 


ConiAilto 


La Suite du Menteur 


Masson 


1/- 


»» 


Polyeucte 


Braunholtz 


a/. 


De Bonnechose 


T/azare Hoche 


Colbeck 


2- 


ty 


Bertrand du Guesclin 


Leathes 


2/. 


>f 


„ VsiTt II {fVitA Vocabulary) „ 


1/6 


DelavigiM 


Louis XI 


Eve 


a/- 


It 


T^s Enfants d'Edouard 


>y 


a/. 


D'HarleTine 


Le Vieux C^libataire 


Masson 


a/. 




Jeanne d'Arc 
La Canne de Jonc 


Clapin & Ropes 


1/6 


Deingny 


Eve 


,/6 




Clapin 


3/- 


Onlsot 


Discours sur THistoire de la 








Revolution d'Angleterre 


Eve 


2/6 


Lemerder 


Fred^gonde et Brunehaut 


Masson 


2/- 


Hme de Stael 


Le Directoire 


Masson & Prothero 


2/- 


»» 


Dix Annees d'Exil 


tt 


2- 


Herim^ 


Colomba 


Ropes 


2/. 


jmolielet 


Louis XI & Charles the Bold „" 


2/6 


lUUtee 


Le Bourgeois Gentilhomme 


Clapin 


1/6 


•f 


L*£cole des Femmes 


Saintsbury 


2/6 


tf 


Les Pr^ieuses ridicules 


Braunholtz 


2/- 


tf 


„ {Abridged Edition) 


tt 


I/- 


» 


Le Misanthrope 


it 


2/6 


Piron 


La Metromanie 


Masson 


2/- 


PonflftTcl 


Charlotte Corday 


Ropes 


2. 


BadiM 


Les Plaideurs 


Braunholtz 


2/. 


»» 


„ {Abridged Edition) 


it 


I/- 


flainta-BMiye 


M. Dam. (Causeries du 








Lundi, Vol. ix) 


Masson 


2/- 


Salntliie 


Picciola 


Clapin 


2/. 


Scribe ft Legouy^ Bataille de Dames 


Bull 


2/. 


Borlbe 


Le Verre d'Eau 


Colbeck 


2/. 


BMalne 


Le Philosophe sans le savoir 


Bull 


2. 


BouToitre 


Un Philosophe sous les Toits 


Eve 


2/- 



Le Serf & Le Chevrier de Lorraine Ropes 2/- 

Le Serf (With Vocabulary) „ 1/6 

Tblerxy Lettres sur I'histoire de 

France (xiii — xxiv) Masson & Prothero 2/6 

„ R^its des Temps M^rovin- 

giens, I — III Masson & Ropes 5/- 

Vlllwnala Lascaris ou les Grecs du xv« Si^cle Masson 2/- 
Toltalr* Histoire du Siecle de Louis 

XIV, Pt I, Ch. I— XIII Masson & Prothero 2/6 

„ Pt II, Ch. XIV— XXIV „ „ 2/6 

„ Pt III, Ch. XXV — end „ „ 2/6 

Zavi«r de J La Teune Sib^rienne. Le) w^^^^^ ,i/c 

Haistre } UpreuxdelaCit^d'Aostej ^^^" '/^ 
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4. GERMAN. 






Author 


fFiW* 


Editor Price 




Ballads on German History 


Wagner 


«/- 


Benedlx 


DrWespe 


Breul 


3/- 


Pteyta«f 


Der Staat Friedrichs des 








Grossen 


Wagner 


«/- 




German Dactylic Poetry 


»» 


3/- 


Ooetbe 


Knabenjahre (1749 — 1761) 


Wagner & Cartmell 


«/- 


>i 


Hermann und Dorothea 


» It 


3/& 


ft 


Iphigenie 


Breul In the Press 


flyiTHTH 


Selected Tales 




3/- 


Gutzkow 


Zopf und Schwert 


Wolstenholme 


3/& 




Der geheime Agent 


E. L. Milner Barry 


3/- 


Hauff 


Das Bild des Kaisers 


Breul 


3/- 


ff 


Das Wirthshaus ira Spessart 


Schlottmann 








& Cartmell 


3/- 


»• 


Die Karavane 


Schlottmann 


3/- 


Imiiieniiaxui 


Der Oberhof 


Wagner 


3/- 


Elee 


Die deutschen Heldensagen 


Wolstenholme 


3/- 


Kohliausdi 


Das Jabr 1813 


»» 


1/- 


Lessliiff 


Minna ron Bamhelm 


Wolstenholme 








In the Press 


Leisinfir ft QeUert Selected Fables 


Breul 


3/- 


Hendelssolm 


Selected Letters 


Sime 


3/- 


Baumer 


Der erste Kreuzzug 


Wagner 


«/- 


Rlehl 


Culturgeschichtliche 








Novellen 


Wolstenholme 


3/- 


»» 


Die Ganerben & Die Ge- 








rechtigkeit Gottes 


II 


3/- 


SchlUer 


Wilhelm TeU 


Breul 


1/6 


»t 


„ (Abridged Edition) 


>i 


1/6 


»f 


Geschichte des dreissigjah- 








rigen Kriegs Book ill. 


»> 


3/- 


>f 


Maria Stuart 


If 


3/* 


» 


Wallenstein I. (Lager and 








Piccolomini 


1 .. 


3/<f 


ff 


Wallenstein IL (Tod) 


*t 


3/5 


Ulil&iid 


Ernst, Herzog von Schwaben 


Wolstenholme 


3/« 
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5. ENGLISH. 






Author 


Work 


Editor 


Price 


Mayor 


ASketchofAncientPhiloso-' 








phy from Thales to Cicero 




3/6 


Wallace 


Outlines of the Philosophy of Aristotle 


4/6 


Bacon 


History of the Reign of 








King Henry VII 


Lumby 


3/- 


>) 


Essays 


West In the Press 


Cowley 


Essays 


»» 


4/- 


Gray 


Poems 


Tovey InthePress^ 




Lord Clive 


Innes 


1/6 


Hore 


History of King Richard III 


Lumby 


36 


»« 


Utopia 


» 


3/<^ 


miton 


Arcades and Comus 


Verity 


3/' 


«> 


Ode on the Nativity, L* Alle- 
gro, 11 Penseroso & Lycidas 




Vfr 




»» 


*> 


Samson Agonistes 


1) 


1/6- 


»> 


Paradise Lost, Bks I, ii 


)f 


»/- 


» 


„ Bks III, IV 


>i 


«- 


i» 


„ Bks V, VI 


»i 


1/. 


i» 


„ Bks VII, VIII 


)) 


»/- 


»> 


„ Bks IX, X 


„ Nearly ready 


»> 


„ Bks XI, XII 


f ) 


2/- 


Pope 


Essay on Criticism 


West 


»/- 


Scott 


Marmion 


Masterman 


1/6 


)» 


Lady of the Lake 


)) 


1/6 




Lay of the last Minstrel 


Flather 


il- 


>i 


Legend of Montrose 


Simpson 


,/6 




A Midsummer-Night's Dream 


Verity 


1/6 


)» 


Twelfth Night 


»» 


1/6 


If 


Julius Caesar 
The Tempest 


*> 


1/6 


»» 


»> 


.6 




Skeat 


3/<^ 


Sidney 


An Apologie for Poetrie 


Shttckburgh 


3/- 


West 


Elements of English Grammar 


1/6 


»i 


English Grammar for Beginners 




i/- 


Carloe 


Short History of British India 




'/- 


imi 


Elementary Commercial Geography 


t/6 


Bartbolomew 


Atlas of Commercial Geography 




5- 



BoMnson 



Church Catechism Explained 



1/- 
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Author 

<kabeck 
ComenluB 



Sve 

Sldgwlck 

Abbott 

Furrar 

FocOe 

Locke 

HUUm 

SldiTWlck 

nulng 



G. EDUCATIONAL SCIENCE. 

Work Editor 

Lectures on the Teaching of Modern 



Languages 
I and Edu 



I VoL 



Life and Educational Works Laurie 

Three Lectures on the Practice of 
Education 
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